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Az els6éves matematikus és fizikus hallgatok tanulnak linedris algebrat. Azt gon-
dolom, hogy ez a térgy sziikséges a megértéshez. (Ha valakinek hidnyossdga van az
alapozdassal, akkor belenézhet Freud Rdbert jol értheté konyvébe.) Ebben a jegyzetben
majdnem kizardlag komplex elemli matrixokrél van sz6. Rdzsa Pdl konyvében valds
méatrixok is vannak (és a métrixok gyakrabban le vannak rajzolva, mint itt).

Ha egy olvasé tanult funkcionalanalizist, az kétségteleniil kedvez6, mert szamara a
Hilbert-tér formalizmus nem 14j. A jegyzetben a véges dimenzids Hilbert-tér szerepel
csak, a fogalmak megtaldlhatok. (Ha valakit tobb minden érdekel az operdtorok és
a Hilbert-terek témakorében, akkor javasolni tudom Kérchy Ldszlo konyveit és az én
Linedris anaizis konyvemet.)

A tartalomjegyzék megmutatja a témakoroket. Minden fejezet vége tartalmaz felada-
tokat, azok altaldban nem trividlisak, de nem is kiilonosen nehezek. A nehezebbeknél
van egy kis utmutatds is.

A matrixanalizisnek alkalmazédsai el6fordulnak. Néha a valdszintiségszamitasban,
statisztikaban, de leginkabb a kvantumelmétettel kapcsolatban. Joval tobb minden sze-
repel az aldbbi konyvben:
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Chapter 1

Matrices and operators

1.1 Basics on matrices

For n,m € N, M5, = M4, (C) denotes the space of all n x m complex matrices. A
matrix M € M,,x,, is a mapping {1,2,...,n} x {1,2,...,m} — C. It is represented as
an array with n rows and m columns:

my; Myz2 -+ Mipy

moy Mo -+ Moy
M = . . .

Mn1 Mp2 st Mpm

m;; is the intersection of the ith row and the jth column. If the matrix is denoted by
M, then this entry is denoted by M;;. If n = m, then we write M,, instead of M,,,,. A
simple example is the identity matrix I,, € M, defined as m;; = ¢, ;, or

10 --- 0
01 --- 0
Lo=1. . . .
00 --- 1

M, «m is complex vector space of dimension nm. The linear operations are defined as

follows.
[)\A]Z] = )\Aija [A + B]ZJ = Aij —+ BZ]

(Here A is a complex number and A, B € M, «,.)

Example 1.1 For i,j = 1,...,n let E(ij) be the n X n matrix such that (i, 7)-entry
equals to one and all other entries equal to zero. Then E(ij) are called matrix-units
and form a basis of M,,.

A=Y AyE(ij).

i,j=1

I, = ZE(%‘) :

is a representation of the identity matrix. 0

Furthermore,
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If A e M, and B € M,,«x, then the product AB of A and B is defined by

[AB]M == Z AiZBZj-
(=1

ifl<i<nand1<j <k Hence AB € M, «.

For A, B € M,,, the product AB is defined, so Ml,, becomes an algebra. The most
significant feature of matrices is the non-commutativity of the product: AB # BA. For

example,
0O 1](0 O |1 0 0 O 0 1] [0 0
0O 0|1 O [0 Of" 1 0 0 0| |0 1}]°
In the matrix algebra M, the identity matrix I,, behaves as a unit: I[,A = Al, = A
for every A € M,,. The matrix A € M,, is invertible if there is a B € M,, such that

AB = BA = I,. More generally, A € M,,,, is invertible if there is a B € M,,, such
that AB = I,, and BA = I,,,. This B is called the inverse of A, in notation A~

The transpose A! of the matrix A € M,,,, iS an m X n matrix,
[AY;; = Ay (1<i<m,1<j<n).

It is easy to see if the product AB is defined, then (AB)" = B'A’. The adjoint matrix
A* is the complex conjugate of the transpose A'. The space M, is a *-algebra:

(AB)C' = A(BC), (A+ B)C = AC +BC, A(B+C)=AB+ AC,
(A+ B)* = A"+ B*, (M)*=)A", (A=A, (AB)" =B A"

Let A € M,,. The trace of A is the sum of the diagonal entries:
i=1

It is easy to show that Tr AB = Tr BA.
The determinant of A € M, is slightly more complicated.

det A := Z(—I)J(F)Alﬂ(l)AQW@) .. .Amr(n) (1.2)

where the sum is over all permutations 7 of the set {1,2,...,n} and o(7) is the parity
of the permutation 7. It can be proven that

det(AB) = (det A)(det B). (1.3)

More details about the determinant appear later.

1.2 Hilbert space

Let ‘H be a complex vector space. A functional (-, -) : H x H — C of two variables is
called inner product if
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(1) (z+y,2) =(r,2) +{y,2) (v,9,2€H),

(2) (\z,y) = Mz,y)  (AeC, z,y € H),

3) {z.y) =(y,z) (v,y € H),
(4) (z,z) > 0 for every x € H and (z,z) = 0 only for x = 0.
These conditions imply the Schwarz inequality
[z, ) * < (z,2) (). (1.4)
The inner product determines a norm
[ == v/, ) (1.5)
which has the properties
le+yl <llzll+ 1yl and |z, <]l - llyll-
||z|| is interpreted as the length of the vector x. A further requirement in the definition

of a Hilbert space is that every Cauchy sequence must be convergent, that is, the space
is complete. (In the finite dimensional case, the completeness always holds.)

David Hilbert (1862-1943)

Hilbert had an essential role in the creation of functional analysis. For him
a “Hilbert space” was a kind of infinite sequence. Actually the abstract
definition was in the formulation of von Neumann.
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The linear space C" of all n-tuples of complex numbers becomes a Hilbert space with
the inner product

_ " -
n Y2
<xay>zzflyzz[flaf27vfn] . 3
i=1 .
[ Yn ]

where Z denotes the complex conjugate of the complex number z € C. Another example
is the space of square integrable complex-valued function on the real Euclidean space
R™. If f and g are such functions then

(f9)= [ [flx)g(x)dz

Rn

gives the inner product. The latter space is denoted by L?(R") and it is infinite dimen-
sional contrary to the n-dimensional space C". Below we are mostly satisfied with finite
dimensional spaces.

If (x,y) = 0 for vectors x and y of a Hilbert space, then z and y are called orthogonal,
in notation | y. When H C H, then H' := {x € H : 2 L h for every h € H}. For
any subset H C H the orthogonal complement H-= is a closed subspace.

A family {e;} of vectors is called orthonormal if (e;, e;) = 1 and (e;,e;) = 0if i # j.
A maximal orthonormal system is called basis or orthonormal basis. The cardinality of
a basis is called the dimension of the Hilbert space. (The cardinality of any two bases is
the same.)

In the space C", the standard orthonormal basis consists of the vectors
5 =(1,0,...,0), & =(0,1,0,...,0), ..., &, =(0,0,...,0,1), (1.6)
each vector has 0 coordinate n — 1 times and one coordinate equals 1.
Example 1.2 The space M, of matrices becomes Hilbert space with the inner product
(A,B) =Tr A*B (1.7)

which is called Hilbert—Schmidt inner product. The matrix units E(ij) (1 <i,j <
n) form an orthormal basis.

It follows that the Hilbert—Schmidt norm

n 1/2
14]]2 = V{4, A) = VIr A" A = (Z |Aij|2> (1.8)

ij=1
is a norm for the matrices. O

Assume that in an n dimensional Hilbert space linearly independent vectors {vy, vo, ..., v, }
are given. By the Gram-Schmidt procedure an orthonormal basis can be obtained
by linear combinations:

1

€1 ‘= TV,
[[oa]]
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ey = ——wy with wy = vy — (e1,v3)ey,
[Jwa||

es = ——ws with w3 :=uwv3— (e1,v3)e; — (ea,v3)eq,
[Jws||

en = ——w, with w,:=uv, — (e, v,)e1 —...— (€n_1,Un)€n_1-
[[wn |

The next theorem tells that any vector has a unique Fourier expansion.

Theorem 1.1 Let ey, es,... be a basis in a Hilbert space H. Then for any vector x € H

the expansion
x = Z<6"’ x)e,

n

Izl =) Ken, )

Let ‘H and K be Hilbert spaces. A mapping A : H — K is called linear if it preserves
linear combination:

holds. Moreover,

ANf +pg) = Af+pdg  (f,g€H, A\peC).
The kernel and the range of A are
ker A :={x € H: Az = 0}, ran A :={Ax € K:z € H}.
The dimension formula familiar in linear algebra is
dimH = dim (ker A) 4+ dim (ran A). (1.9)

Let eq,e5,...,6e, be a basis of the Hilbert space ‘H and f1, fo,..., fin be a basis of
IC. The linear mapping A : H — K is determined by the vectors Aey, k = 1,2,...,n.
Furthermore, the vector Ae, is determined by its coordinates:

Aey, = cipfi +copfo+ ...+ Copfm-

The numbers ¢; ;, 1 <i <m,1 < j <n, form an m x n matrix, it is called the matrix of
the linear transformation A with respect to the bases (e, es,...,e,) and (f1, fo, ..., fin)-

If we want to distinguish the linear operator A from its matrix, then the latter one will
be denoted by [A]. We have

[Alij = (fi; Ae;)  (1<i<m, 1<j<n).

Note that the order of the basis vectors is important. We shall mostly consider linear
operators of a Hilbert space into itself. Then only one basis is needed and the matrix
of the operator has the form of a square. So a linear transformation and a basis yield
a matrix. If an n X n matrix is given, then it can be always considered as a linear
transformation of the space C" endowed with the standard basis (LG).
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The inner product of the vectors |z) and |y) will be often denoted as (x|y), this
notation, sometimes called bra and ket, it is popular in physics. On the other hand,
|x)(y| is a linear operator which acts on the vector |z) as

() (yl) [2) = |2} (yl2) = (yl2) ).

Therefore,
T
T2
‘S(I><y| = . [y17y27”’7yn]

Tn

is conjugate linear in |y), while (z|y) is linear.

Example 1.3 Fix a natural number n and let H be the space of polynomials of at most
n degree. Assume that the variable of these polynomials is ¢t and the coefficients are
complex numbers. The typical elements are

n

p(t) = zn:uiti and  q(t) = Zviti.
i=0

1=0

If their inner product is defined as

3

then {1,¢,¢ ...,t"} is an orthonormal basis.

The differentiation is a linear operator:

i uktk — i kuktk_l
k=0 k=0

In the above basis, its matrix is

0 1 0 0 0
0 0 2 0 0
0 0 0 0 O
1.10
oo e 0 ( )
000 ... 0 n
|0 0 0 ... 0 0]
This is an upper triangular matrix, the (7, 7) entry is 0 if ¢ > j. OJ

Let H1, Hs and Hs be Hilbert spaces and we fix a basis in each of them. If B : H; —
Hy and A : Hy — Hs are linear mappings, then the composition

f— A(Bf) € Hs (F S 7‘[1)



1.2. HILBERT SPACE 11

is linear as well and it is denoted by AB. The matrix [AB] of the composition AB can
be computed from the the matrices [A] and [B] as follows

[ABJi; = > _[Ali[Blx;- (1.11)

k

The right-hand-side is defined to be the product [A] [B] of the matrices [A] and [B].
Then [AB] = [A][B] holds. It is obvious that for a k x m matrix [A] and an m x n
matrix [B], their product [A] [B] is a k X n matrix.

Let H1 and H- be Hilbert spaces and we fix a basis in each of them. If A, B : H; — Ho»
are linear mappings, then their linear combination

(AA+uB)f = MAS) + n(Bf)

is a linear mapping and
[AA + uBJi; = AA];; + p[Bli;- (1.12)

Let H be a Hilbert space the linear operators H — H form an algebra. This algebra
B(H) has a unit, the identity operator denoted by I and the product is non-commutative.
Assume that #H is n dimensional and fix a basis. Then to each linear operator A € B(H)
an nxn matrix A is associated. The correspondence A — [A] is an algebraic isomorphism
from B(H) to the algebra M, (C) of n X n matrices. This isomorphism shows that the
theory of linear operators on an n dimensional Hilbert space is the same as the theory
of n X m matrices.

Theorem 1.2 (Riesz-Fischer theorem) Let ¢ : H — C be a linear mapping on a
finite-dimensional Hilbert space H. Then there is a unique vector v € H such that
o(x) = (v, z) for every vector x € H.

Proof: Let ey, e, ...,e, be an orthonormal basis in 4. Then we need a vector v € ‘H

such that ¢(e;) = (v, e;). So
v= Zm@

will satisfy the condition. OJ

The linear mappings ¢ : H — C are called functionals. If the Hilbert space is not
finite dimensional, then in the previous theorem the condition |¢(x)| < ¢||z|| should be
added, where c is a positive number.

The operator norm of a linear operator A : H — K is defined as
[All := sup{||Az[| : x € H, [Jzf| = 1}.

It can be shown that ||A|| is finite. In addition to the common properties ||[A + B| <
|All + || B|| and [[AA]| = |A|||A]l, the submultiplicativity

IAB| < [[All | B]]

also holds.
If ||A|| <1, then the operator A is called contraction.
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The set of linear operators H — H is denoted by B(#). The convergence A, — A
means [|[A — A,|| — 0. In the case of finite dimensional Hilbert space the norm here
can be the operator norm, but also the Hilbert-Schmidt norm. The operator norm of a
matrix is not expressed explicitly by the matrix entries.

Example 1.4 Let A € B(H) and ||A]| < 1. Then I — A is invertible and
(I—-A)"=> "4
n=0

Since
N

(]_A)ZAn — ] — ANH! and HAN—I—IH < ||A||N+1,
n=0

we can see that the limit of the first equation is

(I—A)iA”:I.

This shows the statement which is called Neumann series. O

Let H and K be Hilbert spaces. If T': H — K is a linear operator, then its adjoint
T* : K — H is determined by the formula

(x, Ty)x = (T*x,y)n (x e K,y eH). (1.13)

The operator 7' € B(H) is called self-adjoint if 7% = T'. The operator T is self-adjoint
if and only if (x, T'z) is a real number for every vector x € H. For self-adjoint operators
and matrices the notations B(H)** and M* are used.

Theorem 1.3 The properties of the adjoint:
(1) (A+ B)* = A* + B*, (\A)* = \A* (AeC),
(2) (A*)" = A, (AB)" = B*A7,
(3) (A=1)* = (A*)~L if A is invertible,
(4) 1Al = [IA*]l, |IAAll = lA]>.

Example 1.5 Let A : H — H be a linear mapping and ey, es, ..., e, be a basis in the
Hilbert space #H. The (4, j) element of the matrix of A is (e;, Ae;). Since

<€i7 A€j> = <€j, A*€i>,
this is the complex conjugate of the (j,) element of the matrix of A*. O

Theorem 1.4 (Projection theorem) Let M be a closed subspace of a Hilbert space

H. Any vector x € H can be written in a unique way in the form x = xg + y, where
g €M andy L M.
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The mapping P : © — xo defined in the context of the previous theorem is called
orthogonal projection onto the subspace M. This mapping is linear:

P(A\x + py) = APz + uPy.

Moreover, P2 = P = P*. The converse is also true: If P2 = P = P* then P is an
orthogonal projection (onto its range).

Example 1.6 The matrix A € M, is self-adjoint if A;; = A;;. A particular example is
the Toeplitz matrix:

aq a9 as cee Qp—1 (07%
ag aq a9 oo Ap—2 Qp-—1
as Qs ay oo Qp—3 Qp—2
_ , (1.14)
as
ap—1 Gp—2 QA4p-3 ... ai az
L Gp  Qp—1 Qp—2 ... Q2 ap |
where a; € R. O

The operator U € B(H) is called unitary if U* is the inverse of U. Then U*U = I and
(z,y) = (U Uz,y) = Uz, Uy)

for any vectors x,y € H. Therefore the unitary operators preserve the inner product. In
particular, orthogonal unit vectors are mapped into orthogonal unit vectors.

Example 1.7 The permutation matrices are simple unitaries. Let © be a permuta-
tion of the set {1,2,...,n}. The A, () entries of A € M(C) are 1 and all others are 0.
Every line and every column contain exactly one 1 entry. If such a matrix A is applied
to a vector, it permutes the coordinates, this is the reason of the terminology. 0J

The operator A € B(H) is called normal if AA* = A*A. It follows immediately that
[Az| = [|A%x]] (1.15)

for any vector x € H. Self-adjoint and unitary operators are normal.

The operators we need are mostly linear, but sometimes conjugate-linear operators
appear. A : H — K is conjugate-linear if

Az + py) = Ao + Ty

for any complex numbers A and p and for any vectors x,y € H. The adjoint A* of the
conjugate-linear operator A is determined by the equation

(r, A\y) = (y, N"z)y (reK,yeH). (1.16)

A mapping ¢ : H x H — C is called complex bilinear form if ¢ is linear in
the second variable and conjugate linear in the first variables. The inner product is a
particular example.
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Theorem 1.5 On a finite dimensional Hilbert space there is a one-to-one correspon-
dence

¢(z,y) = (Az,y)
between the complex bilinear forms ¢ : H x H — C and the linear operators A : H — H.

Proof: Fix x € H. Then y — ¢(z,y) is a linear functional. Due to the Riesz-Fischer
theorem ¢(x,y) = (z,y) for a vector z € H. We set Az = z. O

The polarization identity

49(x,y) = o(x +y,x +y) +ip(r +iy, z +iy) — ¢(v —y, v —y) —ip(xr — iy, z —iy) (1.17)

shows that a complex bilinear form ¢ is determined by its so-called quadratic form
r— ¢(z, ).

1.3 Notes and remarks

The origins of mathematical matrices lie with the study of systems of simultaneous linear
equations. Takakazu Shinsuke Seki Japanese mathematician was the first person to study
determinants in 1683. Gottfried Leibnitz (1646-1716), one of the founders of calculus,
used determinants in 1693 and Gabriel Cramer (1704-1752) presented his determinant-
based formula for solving systems of linear equations (today known as Cramer’s Rule) in
1750. A modern matrix method of solution outlined by Carl Friedrich Gauss (1777-1855)
is known as Gaussian elimination. The term "matrix” was introduced in 1850 by James
Joseph Sylvester (1814-1897).

1.4 Exercises

1. Show that in the Schwarz inequalty (I.4]) the equality occurs if and only if x and
y are linearly dependent.

2. Show that
lz = yl* + [l + ylI* = 2= + 2[ly||? (1.18)

for the norm in a Hilbert space. (This is called parallelogram law.)
3. Show the polarization identity (LIT).
4. Show that an orthonormal family of vectors is linearly independent.

5. Show that the vectors |z1),|xs,),...,|z,) form an orthonormal basis in an n-
dimensional Hilbert space if and only if

Z ) (x| = 1T

6. Show that Gram-Schmidt procedure constructs an orthonormal basis eq, s, ..., €,.
Show that ey, is the linear combination of vy, ve, ..., vp (1 <k < n).
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10.

11.

12.
13.

14.

James Joseph Sylvester (1814-1897)

Sylvester was an English mathematician. He had results in matrix and
determinant theories. He introduced the term “matrix” in 1850.

Show that the upper triangular matrices form an algebra.

Show the following properties:

(lw) )™ = o) ul,  (fu)(vil)(fuz) (va]) = (v1, ug)|ur) (va,
A(lu)(v]) = [Au)(v], (Ju)(v])A = |u)(A*v| for all A € B(H).

. Let A, B € B(H). Show that [|AB|| < ||A|| || B].

Let H be an n-dimensional Hilbert space. For A € B(H) let | A2 := v Tr A*A.
Show that ||A + Blla < ||All2 + || Bl|2- Is it true that [[AB|]2 < ||All2 x || B]|2?

Find constants ¢(n) and d(n) such that

c(n)[|All < [[Alls < d(n) || A]
for every matrix A € M, (C).
Show that ||A*A| = || A]|* for every A € B(H).

Let H be an n-dimensional Hilbert space. Show that given an operator A € B(H)
we can chose an orthonormal basis such that the matrix of A is upper triangular.

Let A, B € M, be invertible matrices. Show that A 4+ B is invertible if and only if
A~!' + B! is invertible, moreover

(A+B) ' =A"1— A YA+ B )14,
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15. Let A € M, be self-adjoint. Show that
U= (I—iA)(I+iA)"!

is a unitary. (U is the Cayley transform of A.)



Chapter 2

Square matrices

The n x n matrices M,, can be identified with the linear operators B(H) where the
Hilbert space H is n-dimensional. To make a precise identification an orthonormal basis
should be fixed in H.

2.1 Jordan canonical form

A Jordan block is a matrix

a 1 0 0
0 a 1 0

Je(a)=10 0 a 0f, (2.1)
000 -+ a

where a € C. This is an upper triangular matrix Jy(a) € M. We use also the notation
Ji := Ji(0). Then
Jk(a) = al, + J;, (2.2)

and the sum consists of commuting matrices.

Example 2.1 The matrix Jj is
1 if j=14+1
o ={ ’
(Ji)is 0 otherwise.

Theref
eretore 1 if j=i+landk=i+2,

0 otherwise.

1 if j=i+2
J2 i = { J )
(k) J 0 otherwise.

We observe that taking the powers of J the line of the 1 entries is going upper, in
particular JF = 0. The matrices {J" : 0 < m < k — 1} are linearly independent.

If a # 0, then det Ji(a) # 0 and Ji(a) is invertible. We can search for the inverse by

the equation
k—1
(aly, + Ji) (Z ch,§> = I.

J=0

()i (Jr)jr = {

It follows that
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Rewriting this equation we get

k—1

CLCOIk + Z(CLC]' + Cj_l)J,g = ]k

j=1

The solution is

In particular,

a 1 017" al —a? a3
0 a 1 =10 at —a?
0 0 a 0 0 a!
Computation with a Jordan block is convenient. O]

The Jordan canonical form theorem is the following.

Theorem 2.1 Given a matriz X € M,,, there is an invertible matrixz S € M, such that

() 0 0
0 Ju(e) -0
X=5| . ka(%2) ) o st =sus
0 0 o T )

where ki + ko + ... + ky, = n. The Jordan matriz J is uniquely determined (up to the
permutation of the Jordan blocks in the diagonal.)

Note that the numbers A, Aa,...,\,, are not necessarily different. Example 2]
showed that it is rather easy to handle a Jordan block. If the Jordan canonical de-
composition is known, then the inverse can be obtained. The theorem is about complex

matrices, but for X € M, (R), S and J is in M, (R) as well.

Example 2.2 An essential application is concerning the determinant. Since det X =
det(SJS™1) = det J, it is enough to compute the determinant of the upper-triangular
Jordan matrix J. Therefore

det X =] A7 (2.3)
j=1

The characteristic polynomial of X € M, is defined as
p(z) := det(z1, — X)
From the computation ([2.3]) we have

p(x) =[x = A"
j=1
The numbers A; are roots of the characteristic polynomial. 0J

The powers of a matrix X € M, is well-defined, therefore for a polynomial p(z) =
S, ek the matrix p(X) is defined as well. If ¢ is a polynomial, then it is annihilating
for a matrix X € M, if ¢(X) = 0. If p is the characteristic polynomial of X € M,,, then
p(X) =0.
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2.2 Spectrum and eigenvalues

Let ‘H be a Hilbert space. For A € B(#H) and A € C, we say that \ is an eigenvalue
of A if there is a non-zero vector v € H such that Av = Av. Such a vector v is called
an eigenvector of A for the eigenvalue \. If H is finite-dimensional, then A € C is an
eigenvalue of A if and only if A — Al is not invertible.

Generally, the spectrum o(A) of A € B(H) consists of the numbers A € C such that
A — M is not invertible. Therefore in the finite-dimensional case the spectrum is the set
of eigenvalues.

Example 2.3 In the history of matrix theory the particular matrix

[0 1. 0 ... 00
101 ... 00
010 ... 00
S ) 24
A ¢ (24)
000 ... 01
|00 0 ... 1 0]
has importance. Its eigenvalues were computed by Joseph Louis Lagrange in 1759.
He found that the eigenvalues are 2cosjn/(n+1) (j =1,2,...,n). O
The matrix (2.4) is tridiagonal. This means that A;; = 0 if [i — j| > 1.
Example 2.4 Let A € R and consider the matrix
A1 0
Js(AN) =10 X 1]. (2.5)
0 0 A

Now A is the only eigenvalue and (y, 0,0) is the only eigenvector. The situation is similar
in the k& x k generalization Jy()\): X is the eigenvalue of SJi,(A)S™! for an arbitrary
invertable S and there is one eigenvector (up to constant multiple). This has the conse-
quence that the characteristic polynomial gives the eigenvalues without the multiplicity.

If X has the Jordan form as in Theorem [2.1] then all A;’s are eigenvalues. Therefore
the roots of the characteristic polynomial are eigenvalues.

For the above J3(\) we can see that
J3(A)(0,0,1) = (0,1, ), J3(A)%(0,0,1) = (1,21, \?),

therefore (0,0,1) and these two vectors linearly span the whole space C3. The vector
(0,0,1) is called cyclic vector.

When we want formal matrix product, then

0 0
By (o] =1
1 A\

is the correct notation, or J3(A)(0,0,1)" = (0,1, A)" is written by the use of transform.

Assume that a matrix X € M, has a cyclic vector v € C™ which means that the set
{v, Xv, X?v,..., X" 1y} spans C". Then X = SJ,(\)S~! with some invertible matrix
S, the Jordan canonical form is very simple. O
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Theorem 2.2 Assume that A € B(H) is normal. Then there exist Ay, ..., A\, € C and
ULy .Uy € H osuch that {uy,...,u,} is an orthonormal basis of H and Au; = \u; for
all 1 <3 <n.

Proof: Let us prove by induction on n = dimH. The case n = 1 trivially holds.
Suppose the assertion for dimension n — 1. Assume that dimH = n and A € B(H) is
normal. Choose a root Ay of det(A] — A) = 0. As explained before the theorem, \; is
an eigenvalue of A so that there is an eigenvector u; with Au; = A\ju;. One may assume
that u; is a unit vector, i.e., ||u;]| = 1. Since A is normal, we have

(A=MD*(A—=X\TI) = (A" = XI)(A—\IT)
= A*A - XlA - )\114* + >\1X1]
= AA* — MA - NA + T
= (A=MDA-X\D7,
that is, A — A\ is also normal. Therefore,

I(A" = M Dusll = [[(A = M) wa || = [[(A = MD)wa || = 0

so that A*u; = A\uy. Let H; := {u;}*, the orthogonal complement of {u;}. If z € H,
then

(Az,up) = (@, A*uy) = (2, \jug) =
(A", uq) = (z, Auq) = (z, \ug) = M (T, uq) =

so that Ax, A*x € H;. Hence we have AH, C H, and A*H; C H;. So one can define
Ay = Aly, € B(H1). Then A} = A*|3,, which implies that A; is also normal. Since
dimH; = n — 1, the induction hypothesis can be applied to obtain \s,..., A\, € C and

Ug, ..., U, € Hy such that {us, ..., u,} is an orthonormal basis of H; and Aju; = \u;
for all i = 2,...,n. Then {uy,us,...,u,} is an orthonormal basis of H and Au; = A\u;
for all i = 1,2,...,n. Thus the assertion holds for dimension n as well. 0]

It is an important consequence that the matrix of a normal operator is diagonal in
an appropriate orthonormal basis and the trace is the sum of the eigenvalues.

Theorem 2.3 Assume that A € B(H) is self-adjoint. If Av = \v and Aw = pw with
non-zero eigenvectors v,w and the eigenvalues A and p are different, then v L w and
A e R,
Proof: First we show that the eigenvalues are real:
Mo, v) = (v, W) = (v, Av) = (Av,v) = (\v,v) = Av,v).

The (v, w) = 0 orthogonality comes similarly:

(v, w) = (v, pw) = (v, Aw) = (Av,w) = (Av,w) = XN v, w).
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If A is a self-adjoint operator on an n-dimensional Hilbert space, then from the eigen-
vectors we can find an orthonormal basis vy, vs, ..., v,. If Av; = \v;, then

A= Z Ailvi) (il (2.6)

which is called the Schmidt decomposition. The Schmidt decomposition is unique
if all the eigenvalues are different, otherwise not. Another useful decomposition is the
spectral decomposition. Assume that the self-adjoint operator A has the eigenvalues
p1 > pig > ... > pg. Then

k
A= "uP;, (2.7)
Jj=1

where P; is the orthogonal projection onto the subspace spanned by the eigenvectors
with eigenvalue p;. From the Schmidt decomposition (2.6l

Py =3 v,

where the summation is over all ¢ such that A\; = p;. This decomposition is always
unique. Actually, the Schmidt decomposition and the spectral decomposition exist for
all normal operators.

If \; > 0 in (28], then we can set |z;) := v/Aj]v;) and we have

A= Z|xi><xi|.

If the orthogonality of the vectors |z;) is not assumed, then there are several similar
decompositions, but they are connected by a unitary. The next lemma and its proof
is a good exercise for the bra and ket formalism. (The result and the proof is due to
Schrédinger [51].)

Lemma 2.1 If
A=)l =D lya) (wil,
j=1 i=1

then there exists a unitary matriz (Us;)},—, such that
> Uiilay) = lyi)- (2.8)
j=1

Proof: Assume first that the vectors |z;) are orthogonal. Typically they are not

unit vectors and several of them can be 0. Assume that |z1), |z2), ..., |zx) are not 0 and
|Zk+1) = ... = |x,) = 0. Then the vectors |y;) are in the linear span of {|z;) : 1 < j <k},
therefore
~ (sl
lyi) = L)
2 (xjlay) ™
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is the orthogonal expansion. We can define (U;;) by the formula

(z|y:) . .
Uy = (1<i<n1<j<k).
R CHER

We easily compute that

(i) (Tulu)

k k
. (welys) (yilzw)
Z : >

and this relation shows that the k column vectors of the matrix (U;;) are orthonormal.
If £ < n, then we can append further columns to get a n x n unitary, see Exercise
(One can see in ([2.8) that if |z;) = 0, then U;; does not play any role.)

In the general situation

A= Z |2;) (2] = Z |yi) (v

we can make a unitary U from an orthogonal family to |y;)’s and and a unitary V' from
the same orthogonal family to |z;)’s and UV* goes from |z;)’s to |y;)’s. O

Example 2.5 Let A € B(H) be a self-adjoint operator with eigenvalues A\; > Ay >
. > A (counted with multiplicity). Then

A1 = max{(v, Av) : v € H, ||[v]| =1}. (2.9)
We can take the Schmidt decomposition (2.6]). Assume that
max{(v, Av) : v € H, ||v| =1} = (w, Aw)

for a unit vector w. This vector has the expansion

n

w = Z Ci|vi>

i=1
and we have

(w, Aw) Z|C,)\<)\1

The equality holds if and only if \; < A; implies ¢; = 0. The maximizer should be an
eigenvector with eigenvalue \;.

Similarly,
An = min{ (v, Av) : v € H, ||v|| = 1}. (2.10)

The formulas (2.9) and (2.10) will be extended below. O
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Theorem 2.4 (Poincaré’s inequality) Let A € B(H) be a self-adjoint operator with
eigenvalues A\; > Ao > ... > A, (counted with multiplicity) and let K be a k-dimensional
subspace of H. Then there are unit vectors x,y € IKC such that

(r, Az) < N\ and (y, Ay) > Mg

Proof: Let vy, ...,v, be orthonormal eigenvectors corresponding to the eigenvalues
Ak, - - - s An. They span a subspace M of dimension n—k+1 which must have intersection
with K. Take a unit vector x € K, M which has the expansion

n
r = E C;U;
i=k

and it has the required property:

n n

(@, Az) = el Ai < M Y el = M.

i=k i=k
To find the other vector y, the same argument can be used with the matrix —A. [

The next result is a minimax principle.

Theorem 2.5 Let A € B(H) be a self-adjoint operator with eigenvalues \y > Ay >
... > A\p (counted with multiplicity). Then

A = min{max{(v,Av) cvel, |v=1}: CCH, dmK=n+1-— k}
Proof: Let vy, ..., v, be orthonormal eigenvectors corresponding to the eigenvalues
Mk, -+ -5 An. They span a subspace K of dimension n + 1 — k. According to (2.9) we have
A = max{(v, Av) : v € K}

and it follows that in the statement of the theorem > is true.

To complete the proof we have to show that for any subspace K of dimension n+1—k
there is a unit vector v such that A\, < (v, Av), or —Ap > (v, (—A)v). The decreasing

eigenvalues of —A are —\, > —\,_1, ..., —A; where the ¢this —\,, 1. The existence of
a unit vector v is guaranted by the Poincaré’s inequality and we take ¢ with the property
n+1—-4¢=k. O

2.3 Trace and determinant

When {ey,...,e,} is an orthonormal basis of H, the trace Tr A of A € B(H) is defined
as

TrA:= Z(ei, Ae;).
i=1
It will be shown that the definition is independent of the choice of an orthonormal basis
and Tr AB = Tr BA for all A, B € B(H). We have

n n

TrAB = Z<€Z‘, AB€Z> = Z(A*ei, B€Z> = Z Z <€j, A*ei><€j7 B€Z>

=1 i=1 i=1 j=1
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= <6i7 B*6j><€i7 A€j> = Z(ej, BA€j> = Tr BA.

j=1 i=1 j=1

Now, let {fi,..., fu} be another orthonormal basis of . Then a unitary U is defined
by Ue; = f;, 1 <i <n, and we have

Z<f1714f7,> = Z(Uei,AUei) =TrU"AU = Tr AUU* = Tr A,

i=1 i=1

which says that the definition of Tr A is actually independent of the choice of an or-
thonormal basis.

When A € M, the trace of A is nothing but the sum of the principal diagonal entries
of A:
TIA:A11+A22+...+Ann.

If A is normal, then the trace is the sum of the eigenvalues.

Computation of the trace is very simple, the case of the determinant (L2) is very
different. In the terms of the Jordan canonical form described in Theorem .1l we have

TeX =Y k) and  detX =]]A7.
j=1 j=1

Example 2.6 On the linear space M,, we can define a linear mapping « : M,, — M, as
a(A) = VAV*, where V € M, is a fixed matrix. We are interested in det a.

Let V = SJS~! be the canonical Jordan decomposition and set
a1 (A) = STEA(STH, as(B) = JBJ", az(C) = SCS™.

Then o« = a3 0 ap 0 a; and det a = det a3 X det ap X det aq. Since a; = agl, we have
det o = det a, so only the Jordan block part has influence to the determinant.

The following example helps to understand the situation. Let

R 10 o 1 o o o o
e S R P E ) R F S

Then {A;, Ay, A3, Ay} is a basis in My. If a(A) = JAJ*, then from the data
Oé(A1> = )\%Al, Oé(AQ) = )\12UA1 -+ )\1)\2142,
Oé(Ag) = )\11’A1 + )\1)\2A3, Oé(A4) = 1'2A1 + ZL’)\QAQ + ZL’)\2A3 + )\§A4

we can observe that the matrix of « is upper triangular:

YIS SR D VI v
0 )\1)\2 0 .CL’)\Q
0 0 AMA2 TAy |
0 0 0 )\%

So its determinat is the product of the diagonal entries:
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Now let J € M, and assume that only the entries J;; and J; ;11 can be non-zero. In
M, we choose the basis of the matrix units,

E(1,1),E(1,2),...,E(1,n), E2,1),...,E2,n),..., B(3,1),..., E(n,n).

We want to see that the matrix of « is upper triangular.

From the computation
JE(G, k) = Jj1dean BEG =1Lk =1)+J; 1,0k E(j = 1,k)
+Jji i1k By k — 1) + Jijdix E(4, k)

we can see that the matrix of the mapping A — JAJ* is upper triangular. (In the
lexicographical order of the matrix units E(j — 1,k — 1), E(j — 1,k), E(j,k — 1) are
before E(7,k).) The determinant is the product of the diagonal entries:

T 7576 = [J(det J) Jii" = (det J)"det J"

§.k=1 k=1

It follows that the determinant of a(A) = VAV* is (det V)"det V', since the determinant
of V equals to the determinant of its block matrix. If 3(A) = VAV?, then the argument
is similar, det 3 = (det V)?", only the conjugate is missing.

Next we deal with the space M of real symmetric n X n matrices. Set v: M — M,
v(A) = VAV". The canonical Jordan decomposition holds also for real matrices and it
gives again that the Jordan block J of V' determines the determinant of ~.

To have a matrix of A — JAJ!, we need a basis in M. We can take
{EG, k) +E(k,j):1<j<k<n}

Similarly to the above argument, one can see that the matrix is upper triangular. So
we need the diagonal entries. J(E(j, k) + E(k,j))J* can be computed from the above
formula and the coefficient of E(j, k) + E(k, j) is JxxJj;. The determinant is

II  Jkedis = (det J)™" = (det V)"

1<j<k<n

O

Theorem 2.6 The determinant of a positive matriz A € M, does not exceed the product
of the diagonal entries:

i=1
This is a consequence of the concavity of the log function, see Example[R1 (or Example
[45).
If A€ M, and 1 < 4,5 < n, then in the next theorems [A]" denotes the (n—1)x (n—1)
matrix which is obtained from A by striking out the ith row and the jth column.



26 CHAPTER 2. SQUARE MATRICES

Theorem 2.7 Let Ae M, and 1 < j <n. Then

det A = i(—niﬂ/xij det ([A]7).

The determinant has an important role in the computation of the inverse. The next
result is called Cramer’s rule.

Theorem 2.8 Let A € M, be invertible. Then

itk det([A]ik)

(A7 = (=1) det A

for1 <ik <n.

2.4 Notes and remarks

Computation of the determinant of concreate special matrices had a huge literature.
Theorem is the Hadamard inequality from 1893.

Example is related to the Hunyadi-Scholtz determinant theorem from 1870’s.

2.5 Exercises

1. Show that

Az x—1y _1_ 1 A—z —x+iy
r+iy A—z SN —a2 22 | —x—iy A+z

for real parameters A\, x, vy, 2.

2. Let m <n, AeM,,BeM,,,Y € M,y, and Z € M,,,. Assume that A and
B are invertible. Show that A + Y BZ is invertible if and only if B~' 4+ ZA~'Y is
invertible. Moreover,

(A+YBZ) ' = A1 - AYY(B' + ZA7'Y) 1 ZzAL

3. Let A1, Ag, ..., A, be the eigenvalues of the matrix A € M,,(C). Show that A is
normal if and only if
SINP =D 1Ay
i=1 ij=1
4. Show that A € M, is normal if an only if A* = AU for a unitary U € M,,.
5. Give an example such that A2 = A, but A is not an orthogonal projection.

6. A € M, is called idempotent if A2 = A. Show that each eigenvalue of a idempotent
matrix is either 0 or 1.
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10.

11.
12.

13.

14.

15.
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. Compute the eigenvalues and eigenvectors of the Pauli matrices:

m:[?é}, @:[??}, @:léfﬁ. (2.11)

. Show that the Pauli matrices (2.I1]) are orthogonal to each other (with respect to

the Hilbert—Schmidt inner product). What are the matrices which orthogonal to
all Pauli matrices?

. Let A be an eigenvalue of a unitary operator. Show that |A| = 1.

Let A be an n x n matrix and let £ > 1 be an integer. Assume that A;; = 0 if
j > i+ k. Show that A"* is the 0 matrix.

Show that |det U| = 1 for a unitary U.

Let U € M, and uy,...,u, be n column vectors of U, i.e., U = [ujuz ... uy).
Prove that U is a unitary matrix if and only if {u4, ..., u,} is an orthonormal basis
of C™.

Let the U = [ujuy ... u,] € M, matrix be described by column vectors. Assume
that that {uy,...,ux} are given and orthonormal in C". Show that wgyq,...,u,
can be chosen in such a way that U will be a unitary matrix.

Compute det(A — A) when A is the tridiagonal matrix (2.4]).

Let U € B(H) be a unitary. Show that
R

exists for every vector x € H. (Hint: Consider the subspaces {z € H : Ur = x}
and {Ux —z : x € H}.) What is the limit

1 n
lim — um?
LD

(This is the ergodic theorem.)
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Tensor products

Let H be the linear space of polynomials in the variable x and with degree less than n.
A natural basis consists of the powers 1,z,22,...,2". Similarly, let K be the space of
polynomials in y of degree less than m. Its basis is 1, vy, %2, ...,y™. The tensor product of
these two spaces is the space of polynomials of two variables with basis 2y, i < n,j < m.

This simple example contains the essential ideas.

3.1 Algebraic tensor product

Let ‘H and K be Hilbert spaces. Their algebraic tensor product consists of the formal
finite sums

in®yj (l’ieH,inIC).
2
Computing with these sums, one should use the following rules:

(21 +22)Qyu=01Q0y+ 220y, (\z)@y=ANz®Y),
TR +y) =2 +rRy, QN =ANrRy). (3.1)

The inner product is defined as

<le @ Yy, sz ® wz> = Z (i, 21) (Y5, W)
i,j k,l

i7j7k7l

When H and K are finite dimensional spaces, then we arrived at the tensor product
Hilbert space H ® IC, otherwise the algebraic tensor product must be completed in order
to get a Banach space.

Example 3.1 L?[0, 1] is the Hilbert space of the square integrable functions on [0, 1]. If
f,g € L?[0,1], then the elementary tensor f ® g can be interpreted as a function of two
variables, f(x)g(y) defined on [0, 1] x [0,1]. The computational rules (3.I]) are obvious
in this approach. 0

The tensor product of finitely many Hilbert spaces is defined similarly.

If eq,e9,... and fi, f2,... are bases in H and K, respectively, then {e; ® f; : ¢,7} is
a basis in the tensor product space. This basis is called product basis. An arbitrary
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vector x € H ® K admits an expansion

Tr = Z Cij €4 ® fj (32)
i,J
for some coefficients c;j, >, . |eij|* = [|#[|*>. This kind of expansion is general, but

sometimes it is not the best.

Lemma 3.1 Any unit vector v € H ® K can be written in the form

v =) \/Dkgr ® hy, (3.3)

k

where the vectors g, € H and hy € K are orthonormal and (py) is a probability distribu-
tion.

Proof: We can define a conjugate-linear mapping A : H — K as

(Ao, B) = (¥, a ® B)

for every vector o € H and § € K. In the computation we can use the bases (e;); in H
and (f;); in K. If = has the expansion (3.2)), then

and the adjoint A* is determined by
<A*fj, €Z'> = @

(Concerning the adjoint of a conjugate-linear mapping, see (L.I6)).)

One can compute that the partial trace of the matrix |z)(z|is D := A*A. It is enough
to check that
<LL"6/€> <6g|l’> =Tr A*A‘6k> <6g|

for every k and /.

Choose now the orthogonal unit vectors g; such that they are eigenvectors of D with
corresponding non-zero eigenvalues pi, Dgr = prgr. Then

1
—|[Agr)
Pk

Pk

is a family of pairwise orthogonal unit vectors. Now

hy ==

1
(x, gx @ he) = (Agy, he) = \/—<Agk>Ag€> = (ges N"Agr) = 9k 0/De

De De

and we arrived at the orthogonal expansion (B.3]). O
The product basis tells us that

dim (H ® K) = dim (H) x dim (H).
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Example 3.2 In the quantum formalism the orthonormal basis in the two dimensional
Hilbert space H is denoted as | 1), | |). Instead of | 1) ® | ), the notation | 1]) is used.
Therefore the product basis is

[0, 11, T, T

Sometimes | is replaced 0 and T by 1.
Another basis

1 1 i 1
ﬁuom +[11)), %(IOU +10)), ﬁ<|10> —[01)), %(IOW —[11))  (34)
is often used, it is called Bell basis. O

Example 3.3 In the Hilbert space L?(R?) we can get a basis if the space is considered
as L*(R) ® L*(R). In the space L?*(R) the Hermite functions

¢n(z) = exp(—2?/2)H,(x)

form a good basis, where H,(z) is the appropriately normalized Hermite polynomial.
Therefore, the two variable Hermite functions

Qpnm(xa y) = 6_(x2+y2)/2Hn(z)Hm(y) (na m=0,1,.. ) (35)
form a basis in L*(R?). O

3.2 Tensor product of linear mappings

The tensor product of linear transformations can be defined as well. If A : V; — W és
B : Vo — Wy are linear transformations, then there is a unique linear transformation
AR B :V;®Vy — W; ® Wy such that

(A@B)(U1®U2):AU1®B’U2 (’Ul e Vi, vy 6‘/2)

Since the linear mappings (between finite dimensional Hilbert spaces) are identified
with matrices, the tensor product of matrices appears as well.

Example 3.4 Let {e;, €3, €3} be a basis in H and {f1, fo} be a basis in IC. If [A;;] is the
matrix of A € B(H;) and [By] is the matrix of B € B(H,), then

(A® B)(e; @ fi) =Y _ AyBue: ® fi -
i,k

It is useful to order the tensor product bases lexicographically: e; ® fi,e1 ® fa,e0 ®
f1,62® fo,e3® f1,e3® fo. Fixing this ordering, we can write down the matrix of A® B
and we have

AllBll AllBl2 A12Bll A12Bl2 A13Bll A13B12
AllB2l AllB22 A12B21 A12B22 A13B21 A13B22
A21B11 A2lBl2 A22Bll A22Bl2 A23Bll A23B12
A2lB2l A2lB22 A22B21 A22B22 A23B21 A23B22
A3lBll A3lBl2 A32Bll A32Bl2 A33Bll A33Bl2
A31B21 A3IB22 A32B21 A32B22 A33B21 A33B22
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In the block matrix formalism we have

AllB AlgB AlgB
A ® B = Ang AQQB AggB 5 (36)
AnB ApB  ApB

see Chapter [Gl

The tensor product of matrices is also called Kronecker product. O
Example 3.5 When A € M, and B € M,,,, the matrix
In®A+B®I, € My

is called the Kronecker sum of A and B.

If u is an eigenvector of A with eigenvalue A and v is an eigenvector of B with
eigenvalue p, then

(I, ®A+BRL)(u®v)=ANu®v)+pu®v) =+ p)(uewv).
So u ® v is an eigenvector of the Kronecker sum with eigenvalue A + pu. O

The computation rules of the tensor product of Hilbert spaces imply straightforward
properties of the tensor product of matrices (or linear mappings).

Theorem 3.1 The following rules hold:
(1) (A| +A)®B=A ®B+A4,® B,
(2) B (A1+A)=B® A +B® A,
(3) M)® B=A® (AB) =\A® B) (A€ ),
(4) (A® B)(C® D)= AC ® BD,
(5) (A® B)* = A* ® B*,
(6) (A Bt = A1 B!,
(6) |1A® Bl = [lA]l|B].

For example, the tensor product of self-adjoint matrices is self-adjoint, the tensor
product of unitaries is unitary:.

The linear mapping M,, ® M,, — M, defined as
Try: A® B— (Tr B)A
is called partial trace. The other partial trace is

Try: A® B— (Tr A)B.



32 CHAPTER 3. TENSOR PRODUCTS

Example 3.6 Assume that A € M,, and B € M,,,. Then A® B is an nm X nm-matrix.
Let C € M,,,,,. How can we decide if it has the form of A ® B for some A € M, and
B eM,,”?

First we study how to recognize A and B from A ® B. (Of course, A and B are not
uniquely determined, since (AA) ® (A™'B) = A® B.) If we take the trace of all entries
of (3.6]), then we get

AHTI' B A12TI' B A13TI' B AH A12 A13
AngI' B AQQTI" B A23TI' B| =TrB A21 A22 A23 = (TI' B)A
A31 Tr B A32T1" B A33TI' B Agl A32 A33

The sum of the diagonal entries is

AllB + AlgB + AlgB = (TI' A)B

If X = A® B, then
(Tr X)X = (TryX) @ (Try X).

For example, the matrix

0 0 0 O
01 10
X = 01 10
00 0O

in My, ® M, is not a tensor product. Indeed,

1 0
TI'lX :TI'QX = |i0 1:|

and their tensor product is the identity in My. ([l

Let H be a Hilbert space. The k-fold tensor product H ® ... ® H is called the kth
tensor power of #, in notation H®*. When A € B(H), then AM @ A® ... @ AW is a
linear operator on H®* and it is denoted by A®*.

3.3 Symmetric and antisymmetric tensor powers

H®* has two important subspaces, the symmetric and the antisymmetric ones. If
v, Vg, ...,V € H are vectors, then their antisymmetric tensor-product is the linear
combination

1
(AN WA AN AR ﬁ Z(—l)"(”)vw(l) X Uz (2) X...Q Ur (k) (37)

where the summation is over all permutations 7 of the set {1,2,...,k} and o(7) is
the number of inversions in 7. The terminology “antisymmetric” comes from the prop-
erty that an antisymmetric tensor changes its sign if two elements are exchanged. In
particular, v Avy A ... A v, = 0 if v; = v; for different ¢ and j.
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The computational rules for the antisymmetric tensors are similar to (B1):
AMvr Avg Ao AvE) = v Avg Ao Ay A (Avg) Avger A Aoy
for every ¢ and

(v AV A AV AV AUl Ao Avg) +
+ (i AV A AV AV AV AL A Yg) =
= VAV A AU AU FH V) ANv A A

Lemma 3.2 The inner product of vi AvagA. . . Av and wi Aws A. . . Awy, s the determinant
of the k x k matriz whose (i, j) entry is (v;,w;).

Proof: The inner product is

il ZZ 1) (=1)7 w0y, we1)) (Vr(2), Wr(@) - - - (k) Wae))
k' Z Z 17O (=1)75) (01, Wyer—1(1)) (V2 Wen—1(2)) - - - (Vs Wim—1())

]{;' Z Z U(Rﬂ— Ula Wyr— 1(1)> <U27 w/i7r*1(2)> cee <Uk7 wmrfl(k)>

= Z ) (01, We 1)) (V2y We2)) - - (U, Wa(iy)

This is the determinant. [

The subspace spanned by the vectors vy Avg A ... Avy is called the kth antisymmetric
tensor power of H, in notation A*H. So A*H C ®*H and this subspace can be defined
also in a different way.

Example 3.7 A transposition is a permutation of 1,2, ..., n which exchanges the place
of two entries. For a transposition &, there is a unitary U, : @*H — ®*H such that

U1 @12 ® ... ® Un) = Vs(1) @ Vn(2) ® - . . @ Un(n)-
Then
NH = {2 € @H : Uz = —a for every r}. (3.8)

[13

The terminology “antisymmetric “ comes from this description. 0]

If A € B(H), then the transformation ®*A leaves the subspace A*H invariant. Its
restriction is denoted by A¥A which is equivalently defined as

AP A(vy Avg AL A ) = Avg A Avg AL A Ay, (3.9)
If e1,eq,..., e, is a basis in H, then
{ei(l) Nei) N Nejy 1< 2(1) < 2(2) <... < Z(k‘)) < n} (3.10)

is a basis in AFH. Tt follows that the dimension of AFH is

(Z) if k<n,



34 CHAPTER 3. TENSOR PRODUCTS

otherwise for k > n the power A*H has dimension 0. Consequently, A"# has dimension
1 and for any operator A € B(H), we have

A" A = X x identity (3.11)
Theorem 3.2 For A € M, the constant \ in (311) is det A.

Proof: If ey, e, ..., €, is a basis in H, then in the space A"V the vector e; Aes A. .. Ae,
forms a basis. We should compute (A"A)(e; Aea A... Aey).

(A"A)(er Aea A ... Nep) = (Aer) A (Aex) A ..o A (Aey,) =

n

= < Z Ai(l),lei(l)) A ( Z Ai(2),2ei(2)> ANWA ( Ai(n),nei(n),n) =
i(1)=1 i(2)=1

i(n)=1

n

= Z A1)z - Aiym€ia) N o N i) =

= Z Ar)1Ar@)2 - Aryner) A - A ern) =

= Z AW(1)71AW(2),2 .. .Aw(n)m(—l)g(ﬂ)el N...Ne,.

Here we used that e;q) A ... A ey can be non-zero if the vectors e;y, ..., e;yn) are all
different, in other words, this is a permutation of e, es, ..., €,. O
The symmetric tensor product of the vectors vy, vo, ..., vp € H is

1
m Vo V...V, = ﬁsz(l)@vﬂ'(2)®"’®vﬂ—(k)7

where the summation is over all permutations 7 of the set {1,2, ..., k} again. The linear
span of the symmetric tensors is the symmetric tensor power VEH. Similarly to (3.8,

we have
VFH = {z € @"H : Ur = x for every k}. (3.12)

It follows immediately, that VFH L AFH. Let u € VFH and v € A*H. Then
(u,v) = (Ugu, —Ugv) = —(u,v)

and (u,v) = 0.
If e1,€s,..., 6, is a basis in H, then V*H has the basis

{ei(l) Ve V... Vep - 1< Z(l) < 1(2) <...< Z(/{?) < n} (3.13)
Similarly to the proof of Lemma B.2] we have

(1 Voa Vo Vo w Vs Vo V) = Y (01, W) (U2, We(z) - - (O, wag)  (3.14)

™

The right-hand-side is similar to a determinant, but the sign is not changing. This is
called the permanent of the k x k matrix whose (7, j) entry is (v;, w;). So

per A = Z At ) A2x2) - - Ana(n)-
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3.4 Notes and remarks

Note that the Kronecker sum is often denoted by A @& B in the literature, but in this
book & is the notation for the direct sum.

3.5 Exercises

1. Let .
_ 2 2
1B0) = \/5(|00> +11) eC?®C
and
1Bi) = (0 ® I3)| Bo) (i=1,2,3)

by means of the Pauli matrices o;. Show that {|3;) : 0 <i < 3} is the Bell basis.

2. Show that the vectors of the Bell basis are eigenvectors of the matrices o; ® o,
1<i<3.

3. Show the identity
3

> 18) ® o)

k=0
in C? ® C? ® C?, where |[¢)) € C? and |3;) € C* ® C? is defined above.

1) ® |Bo) = (3.15)

l\DI}—t

4. Write the so-called Dirac matrices in the form of elementary tensor (of two 2 x 2

matrices):
[0 0 0 —i [0 0 0 —1]
I O o 01 0
M=10 - 0 0| =1 0 10 0
i 0 0 0 -1 00 0
0 0 —i 0 10 0 0 ]
00 0 i o1 0 o0
B=14i 0 0 0l =100 -1 0
0 —i 0 0 00 0 —1|

5. Give the dimension of V*H if dim (H) = n.

6. Let A € B(H) and B € B(H) be operators on the finite dimensional spaces H and

JIC. Show that

where n = dim#H and m = dim KC. (Hint: The determinant is the product of the

eigenvalues.)

7. Show that ||[A® B| =

det(A® B) =

[A[F- 1B

(det A)™(det B)",
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10.

11.

12.

13.

14.
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Use Theorem to prove that det(AB) = det A x det B. (Hint: Show that
AF(AB) = (AFA)(AFB).)

Let 2™ + c12™ ! + ... 4 ¢, be the characteristic polynomial of A € M,,. Show that
e = Tr AF A,

Show that
HOH=HVH)S(HAH)

for a Hilbert space H.

Show that
Iper (AB)|* < per (AA*)per (B*B).

Let A € M,, and B € M,,,. Show that

Tr (I, ® A+ B®1,) =mTrA+nTrB.

For a vector f € H the linear operator a®(f) : VFH — VA1 is defined as
at(flviVue V... Vo, =fVur Vo V...V (3.16)
Compute the adjoint of a™(f) which is denoted by a(f).

For A € B(H) let F(A) : VFH — V¥H be defined as

k
FA) v Ve Vo Vo= 01 Voa V. Vg VAU Vo V...V o
=1

Show that
F(If){gl) = a™(f)alg)

for f,g € H. (Recall that a and a™ are defined in the previous exercise.)



Chapter 4

Positive matrices

Mostly the statements and definitions are formulated in the Hilbert space setting. The
Hilbert space is always assumed to be finite dimensional, so instead of operators one can
consider a matrices.

4.1 Positivity and square root

Let H be a (complex) Hilbert space and T': H — H be a bounded linear operator. T’
is called positive (or positive semidefinite) if (x,Tz) > 0 for every vector z € H, in

notation 7" > 0. It follows from the definition that a positive operator is self-adjoint:
Since (x,Tz) € R,

(x,Tx)y = (x,Tx) = (Tx,x).

(The argument used the complex structure. In the real case any scalar product is real.
So in the real-valued case the positivity of 7" needs the requirement of the self-adjoint
property as well.)

If T} and T, are positive operators, then T + T3 is positive as well.
Theorem 4.1 Let T' € B(H) be an operator. The following conditions are equivalent.
(1) T is positive.
(2) T =T* and the spectrum of T lies in RT.
(8) T is of the form A*A for some operator A € B(H).

An operator T is positive if and only if UTU* is positive for a unitary U. The
positivity of an operator is equivalent to the positivity of its matrix (with respect to any
orthonormal basis).

Theorem 4.2 Let T be a positive operator. Then there is a unique positive operator B
such that B> = T. If the self-adjoint operator A commutes with T, then it commutes
with B as well.
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Proof: We restrict ourselves to the finite dimensional case. In this case it is enough
to find the eigenvalues and the eigenvectors. If Bx = Ax, then x is an eigenvector of T’
with eigenvalue \?. This determines B uniquely, 7" and B have the same eigenvectors.

AB = BA holds if for any eigenvector x of B the vector Ax is an eigenvector, too. If
TA = AT, then this follows. U

B is called the square root of T, T'/? is a notation. It follows from the theorem
that the product of commuting positive operators T" and A is positive. Indeed,

TA = TY2TY2 A2 AL/2 — 1/2 A1/2 g1/271/2 _ (A1/2T1/2)*A1/2T1/2.

Example 4.1 For each A € B(H), we have A*A > 0. So, define |A| := (A*A)'/2 that
is called the absolute value of A. The mapping

|Alz — Az
is norm preserving:
HAJz]|* = (|Alz, [Alz) = (2, |APz) = (z, A" Az) = (Az, Az) = || Az|?

It can be extended to a unitary U. So A = U|A| and this is called polar decomposition.

The definition |A| := (A*A)'Y/? makes sense also if A : H; — Hy. Then |A| € B(H,1).
The above argument tells that |A|z — Az is norm preserving, but it is not sure that it
can be extended to a unitary. If dim H; < dim Hs, then |A|x — Ax can be extended to
an isometry V : H; — Hy. Then A = V|A|, where V*V = I.

The eigenvalues of |A| are called the singular values of A. O

Example 4.2 Let T be a positive operator acting on a finite dimensional Hilbert space
such that ||T|| < 1. We want to show that there is unitary operator U such that

1

We can choose an orthonormal basis ey, es, ..., e, consisting of eigenvectors of T" and
in this basis the matrix of 7" is diagonal, say, Diag(t1,t2,...,t,), 0 < t; < 1 from the
positivity. For any 1 < j < n we can find a real number 6; such that

1 . .
t] — 5(61l9j _I_ 6—193').

Then the unitary operator U with matrix Diag(exp(ify)),...,exp(if,)) will have the

desired property. O
If T acts on a finite dimensional Hilbert space which has an orthonormal basis
€1,€a,...,¢e,, then T is uniquely determined by its matrix
[<€iaT€j>]Zj=1-

T is positive if and only if its matrix is positive (semi-definite).
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Example 4.3 Let

A Ao oA,
a= |20 0
0 0 0

Then B

and this matrix is positive. Every positive matrix is the sum of matrices of this form.
(The minimum number of the summands is the rank of the matrix.) U

Example 4.4 Take numbers A, Ao, ..., A\, > 0 and set

1
A =
YNt N

(1<ij<n). (4.1)

A is called a Cauchy matrix. We have

and the matrix
A(t)y; = e g™

is positive for every t € R due to Example [4.3. Therefore

A:/OOOA(t)dt

is positive as well. O

Theorem 4.3 Let T € B(H) be an invertible self-adjoint operator and ey, es, ..., e, be
a basis in the Hilbert space H. T is positive if and only if for any 1 < k < n the
determinant of the k x k matriz

[{ei, Tej))i

ij=1
is positive (that is, > 0).

An invertible positive matrix is called positive definite. Such matrices appear in
probability theory in the concept of Gaussian distribution. The work with Gaussian
distributions in probability theory requires the experience with matrices. (This is in the
next example, but also in Example [6.1])

Example 4.5 Let M be a positive definite n x n real matrix and x = (21,2, ..., Z,).

Then
Det M 1
fu(x) =4/ @) exp < — 5(x, Mx>> (4.2)

is a multivariate Gaussian probability distribution (with 0 expectation, see, for example,
II1.6 in [18]). The matrix M will be called the quadratic matrix of the Gaussian
distribution.
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For an n x n matrix B, the relation
/<X, Bx) fy(x) dx = Tr BM™* (4.3)

holds.
We first note that if (4.3)) is true for a matrix M, then

/(BX, xX) fosnmu(X) dx = /(BU*X, U*x) far(x) dx

= Tr(UBU*)M™!
= TrB(U*MU)™!

for a unitary U, since the Lebesgue measure on R" is invariant under unitary transfor-
mation. This means that (43]) holds also for U*MU. Therefore to check (4.3)), we may
assume that M is diagonal. Another reduction concerns B: We may assume that B is a
matrix unit F;;. Then the n variable integral reduces to integrals on R and the known

integrals
1 1 2
/texp(— —)\t2) dt =0 and /tzexp<— —>\t2) dt = Alll
R 2 R 2 A

can be used.

Formula (43]) has an important consequence. When the joint distribution of the
random variables (&1, &, ..., &,) is given by (£2), then the covariance matrix is M 1.

The Boltzmann entropy of a probability density f(x) is defined as

() i= = [ 70 10g £ dx (4.4
if the integral exists. For a Gaussian f); we have
n 1
h(fu) = B log(2me) — 5 log Det M.

Assume that f) is the joint distribution of the (number-valued) random variables &1, &, . . .,
&,. Their joint Boltzmann entropy is

h(&1,&,...,6) = glog(%re) + log Det M ~*

and the Boltzmann entropy of &; is

h(&) = %log(%re) + %log(M_l)ii.

The subadditivity of the Boltzmann entropy is the inequality

h(&1, 62, 6n) S M(&) +h(&) + ...+ h()
which is

i=1
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in our particular Gaussian case, A = M~!. What we obtained is the Hadamard
inequality

Det A < H
for a positive definite matrix A, cf. Theorem 2.6l O

Example 4.6 If the matrix X € M, can be written in the form
X = SDiag(A1, Ao, ..., Ap) ST,

with Ay, Ao, ..., A, > 0, then X is called weakly positive. Such a matrix has n lin-
early independent eigenvectors with strictly positive eigenvalues. If the eigenvectors are
orthogonal, then the matrix is positive definite. Since

= (SDiag(\/)\T, V2, V)8 ) ( S 'Diag(v/ A1, Vg, - ..,\/)\7”)5_1> :

this is the product of two positive definite matrices.

Although this X is not positive, but the eigenvalues are strictly positive. Therefore
we can define the square root as

X2 = SDiag(v/ A1, VAzs -V A)S T
(See also [5.0)). O

4.2 Relation to tensor product

If0<AeM, and 0 < B € M,,, then 0 < A® B. More generally if 0 < A; € M, and

0 < B; € M,,, then
k
Ao
i=1

is positive. These matrices in M,, ® M,,, are called separable positive matrices. Is it
true that every positive matrix in M,, ® M, is separable? A counterexample follows.

Example 4.7 Let My, = My, ® My and

00 0 0
1o 1 1 0
D’_§0110
00 0 0

D is a rank 1 positive operator, it is a projection. If D = . D;, then D, = \;D. If D
is separable, then it is a tensor product. If D is a tensor product, then up to a constant
factor it equals to (Tro D) ® (Tr; D). We have
1(1 0
TrlD:TrgD:§[O 1:|

Their tensor product has rank 4 and it cannot be AD. It follows that this D is not
separable. O
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In quantum theory the non-separable positive operators are called entangled. The
positive operator D is maximally entangled if it has minimal rank (it means rank 1)
and the partial traces have maximal rank. The matrix D in the previous example is
maximally entangled.

It is interesting that there is no procedure to decide if a positive operator in a tensor
product space is separable or entangled.

4.3 Partial ordering

Let A, B € B(H) be self-adjoint operators. The partial ordering A < B holds if B — A
is positive, or equivalently
(z, Az) < (z, Bx)

for all vectors x. From this formulation one can easily see that A < B implies X AX* <
X BX* for every operator X.

Example 4.8 Assume that for the orthogonal projections P and @ the inequality P <

holds. If Pz = x for a unit vector z, then (z, Pz) < (x, Qx) < 1 shows that (z,Qz) = 1.
Therefore the relation

|z — Qz|]* = (z — Qz,z — Q) = (x,2) — (z,Qx) =0
gives that QQx = x. The range of () contains the range of P. O

Let A, be a sequence of operators on a finite dimensional Hilbert space. Fix a basis
and let [A,] be the matrix of A,. Similarly, the matrix of the operator A is [A]. Let
the Hilbert space m-dimensional, so the matrices are m x m. Recall that the following
conditions are equivalent:

(1) 14— 4, = 0.

(2) A,z — Ax for every vector x.

(3) (z, Any) — (z, Ay) for every vectors x and y.
(4) (z, Apz) — (x, Ax) for every vector x.

(5) Tr(A—A,)*"(A—A4,) =0

(6) [An)i; — [Al;j for every 1 <45 < m.

These conditions describe in several ways the convergence of a sequence of operators
or matrices.

Theorem 4.4 Let A, be an increasing sequence of operators with an upper bound: A, <
Ay < ... < B. Then there is an operator A < B such that A,, — A.
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Proof: Let ¢, (x,y) := (x, Ap,y) be a sequence of complex bilinear functionals. lim,, ¢,,(x, x)
is a bounded increasing real sequence and it is convergent. Due to the polarization iden-
tity ¢n(z,y) is convergent as well and the limit gives a complex bilinear functional ¢. If
the corresponding operator is denoted by A, then

(z, Any) — (z, Ay)

for every vectors x and y. This is the convergence A, — A. The condition (z, Az) <
(x, Bx) means A < B. O

Example 4.9 Assume that 0 < A < [ for an operator A. Define a sequence T, of
operators by recursion. Let T} = 0 and

1
Thi1 :Tn+§(A—T3) (n € N).

T, is a polynomial of A with real coefficients. So these operators commute with each
other. Since

1 1
I—Thy = §(I—Tn)2+§([—A),

induction shows that 7,, < I.
We show that 77 < Ty < T3 < ... by mathematical induction. In the recursion

Tt = Ta = 3 (I = To) (T = Toma) + (1= T)(T = Tocr)

I —-T,1>0and T, —T,_1 > 0 due to the assumption. Since they commute their
product is positive. Similarly (I —T,)(T}, — T,—1) > 0. It follows that the right-hand-
side is positive.

Theorem (4] tells that T, converges to an operator B. The limit of the recursion
formula yields

1
B:B+§(A—B2),
therefore A = B2. O

Theorem 4.5 Assume that 0 < A, B € M,, are invertible matrices and A < B. Then
B 1< A!

Proof: The condition A < B is equivalent to B~/2AB~'/?2 < I and the statement
B~! < A~! is equivalent to I < BY2AIBY2 If X = B_1/2A3_1/2, then we have to
show that X < I implies X~ > I. The condition X < I means that all eigenvalues of
X are in the interval (0,1]. This implies that all eigenvalues of X! are in [1,00). [

Assume that A < B. It follows from (2.9) that the largest eigenvalue of A is smaller
than the largest eigenvalue of B. Let A(A) = (A1(A4),...,A,(A)) denote the vector of
the eigenvalues of A in decreasing order (with counting multiplicities).

The next result is called Weyl’s monotonicity theorem.
Theorem 4.6 [f A < B, then \y(A) < \e(B) for all k.

This is a consequence of the minimax principle, Theorem
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4.4 Hadamard product

Theorem 4.7 (Schur theorem) Let A and B be positive n x n matrices. Then
determines a positive matrix.

Proof: If A;; = \A\; and Bij; = T4, then Ci; = M\ Ay and C s positive due to
Example [4.3] The general case is reduced to this one. 0

The matrix C' of the previous theorem is called the Hadamard (or Schur) product
of the matrices A and B. In notation, C' = Ao B.

Corollary 4.1 Assume that 0 < A< B and 0 < C < D. Then AoC < BoD.
Proof: The equation
BoD=AoC+(B—A)oC+(D—-C)oA+(B—A)o(D-C)
implies the statement. 0J

Example 4.10 Let A € M, be a positive matrix. The mapping S, : B — Ao B sends a
positive matrix to a positive matrix, therefore it is a positive mapping. A linear mapping
a: M, — M, is called completely positive if it has the form

k
a(B)=> V7 AV
i=1

for some matrices V;. The sum of completely positive mappings is completely positive.

We want to show that S, is completely positive. S, is additive in A, hence it is
enough to show the case A;; = \;A;. Then

SA<B) = Diag(xhx% t )‘n) B Diag()\h )\27 R )‘n)
and S, is completely positive. O

Example 4.11 Take numbers ¢, A1, Ag,..., A\, > 0 and set

1
A= —— 1<ij<n). 45
For t = 1 this A is a Cauchy matrix which is positive, see Example [4.4] If ¢ is an integer,
the Schur theorem gives the positivity of the Hadamard powers. Actually, A > 0 for
every t > 0. It is easy to prove for a 2 x 2 matrix. O

4.5 Lattice of projections

Let K be a closed subspace of a Hilbert space H. Any vector x € H can be written
in the form zy + x1, where o € K and z; L K. The linear mapping P : = +— xg is
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called (orthogonal) projection onto K. The orthogonal projection P has the properties
P = P? = P*. If an operator P € B(H) satisfies P = P? = P*, then it is an (orthogonal)
projection (onto its range). Instead of orthogonal projection the expression ortho-
projection is also used.

If P and @) are projections, then the relation P < () means that the range of P
is contained in the range of (). An equivalent algebraic formulation is PQQ = P. The
largest projection is the identity I and the smallest one is 0. Therefore 0 < P < [ for
any projection P.

If P is a projection, then I — P is a projection as well and it is often denoted by P+,
since the range of I — P is the orthogonal complement of the range of P.

Example 4.12 Let P and @ be projections. The relation P L ) means that the range
of P is orthogonal to the range of (). An equivalent algebraic formulation is PQ = 0.
Since the orthogonality relation is symmetric, PQ = 0 if and only if QP = 0. (We can
arrive at this statement by taking adjoint as well.)

We show that P L @ if and only if P+ () is a projection as well. P+ (@) is self-adjoint
and it is a projection if

(P+QP=P+PQ+QP+Q*=P+Q+PQ+QP=P+Q

or equivalently
PQ+ QP =0.

This is true if P L (. On the other hand, the condition PQ) + QP = 0 implies that
PQP + QP? = PQP + QP = 0 and QP must be self-adjoint. We can conclude that
P@Q = 0 which is the orthogonality. 0J

Assume that P and () are projections on the same Hilbert space. Among the projec-
tions which are smaller than P and () there is a largest, it is the orthogonal projection
onto the intersection of the ranges of P and (). This has the notation P A Q).

Theorem 4.8 Assume that P and ) are ortho-projections. Then

PAQ= lim (PQP)" = lim (QPQ)".

n—o0

Proof: The operator A := PQP is a positive contraction. Therefore the sequence A"
is monotone decreasing and Theorem [4.4] implies that A™ has a limit R. The operator
R is selfadjoint. Since (A")? — R? we have R = R?, in other words, R is an ortho-
projection. If Pxr = x and Qx = z for a vector x, then Az = x and it follows that
Rx = x. This means that R > P A Q.

From the inequality (PQP)" < @, R < @ follows. Taking the limit of the relation
(QPQ)" = Q(PQP)"Q, we have

Tim (QPQ)" = QRQ = R

Similarly to the above argument we have that R < P.

It has been proved that R < P,QQ and R > PA Q. So R = P A (Q is the only
possibility. 0
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Corollary 4.2 Assume that P and ) are ortho-projections and 0 < H < P,Q. Then
H<PAQ.

Proof: One can show that PHP = H,QHQ = H. This implies H < (PQP)" and
the limit n — oo gives the result. ([

Let P and () be ortho-projections. If the ortho-projection R has the property R >
P, @, then the image of R contains the images of P and (). The smallest such R projects
to the linear space generated by the images of P and (). This ortho-projection is denoted
by PV Q. The set of ortho-projections becomes a lattice with the operations A and V.

4.6 Kernel functions

Let X be a nonempty set. A function ¢ : X x X — C is often called a kernel. A kernel
Y : X x X — Cis called positive definite if

> ciert (s, ap) > 0

Jvkzl

for all finite sets {cq,¢a,...,¢,} C C and {zy,29,...,2,} C X.

Example 4.13 It follows from the Schur theorem that the product of positive definite
kernels is a positive definite kernel as well.

Ify: X x X — Cis positive definite, then
— 1
P o T m
“ - Z n!w
n=0
and ¥ (x,y) = f(x)¢(z,y)f(y) are positive definite for any function f : X — C. O

The function ¥ : X x X — C is called conditionally negative definite kernel if
U(z,y) = ¥(y,x) and

> ciert (s, ap) <0

Jh=1
for all finite sets {c1,ca,...,¢,} C Cand {1, 7,...,2,} C X when } 7 c; =0.

The above properties of a kernel depend on the matrices

¢(IL’1,LU1) Qﬂ(l’l,l’g) w(l'l,l’n)
V(xe, 1) Y(we,12) ... Y(T2,T4)

¢(xn7x1) ¢(5L’n7332) w(xml’n)
If a kernel f is positive definite, then —f is conditionally negative definite, but the
converse is not true.

Lemma 4.1 Assume that the function ) : X x X — C has the property (z,y) = (y, x)
and fix xo € X. Then

p(z,y) == —(z,y) + ¢(x, 20) + P (w0,y) — ¥ (20, To)
is positive definite if and only if ¥ is conditionally negative definite.



4.6. KERNEL FUNCTIONS 47

The proof is rather straightforward, but an interesting particular case is below.

Example 4.14 Assume that f : Rt — R is a C''-function with the property f(0) =
f/(0) =0. Let ¢ : RT x R" — R be defined as
@) 1w
Y(x,y) = Ty
f'(x) it x=uy.

(This is the so-called kernel of divided difference.) Assume that this is conditionally
negative definite. Now we apply the lemma with xy = e:

@ = 1), f@) =16 fE©) - I

T —y xr—¢ E—y

T #y,

- f'(e)

is positive definite and from the limit € — 0, we have the positive definite kernel

S@ = fy) S S f@y = fly)e?
r-y v y w(x—y)y

The multiplication by zy/(f(z)f(y)) gives a positive definite kernel

22 y2
@
r—y
which is again a divided difference of the function g(z) := 22/ f(x). O

Theorem 4.9 (Schoenberg theorem) Let X be a nonempty set and let ) : X xX — C
be a kernel. Then 1 is conditionally negative definite if and only if exp(—tw) is positive
definite for every t > 0.

Proof: 1If exp(—t1) is positive definite, then 1 — exp(—t1)) is negative definite and so
is

Y = lim %(1 — exp(—t1))).

t—0

Assume now that 1 is conditionally negative definite. Take zy € X and set

p(r,y) = —=(z,y) + P(z, 20) + (20, ¥) — Y (20, Z0)

which is positive definite due to the previous lemma. Then

e-d’(w,y) — e@(mvy) e_d}(mvmo) e—TZJ(y,IEO) 6—1{1(.’20,:20)

is positive definite. This was t = 1, for general ¢ > 0 the argument is similar. U

The kernel functions are a kind of generalization of matrices. If A € M,,, then the
corresponding kernel function has X := {1,2,...,n} and

Ya(i,j) = Ajj (1<id,5<n).

Therefore the results of this section have matrix consequences.
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4.7 Notes and remarks

Weakly positive matrices were introduced by Eugene P. Wigner in 1963. He showed
that if the product of two or three weakly positive matrices is self-adjoint, then it is
positive definite.

Eugene Paul Wigner (1902-1995)
Wigner was born in Budapest, he attended a high-school together with John
von Neumann whose Hungarian name is Neumann Jdnos. They became
good friends, both of them studied first chemistry in university. Wigner
received the Nobel Prize in Physics in 1963.

Example [4.17]is related to the concept of infinite divisibility, there is a good overview
in the paper R. Bhatia and H. Kosaki, Mean matrices and infinite divisibility, Linear
Algebra Appl. 424(2007), 36-54.

The lattice of ortho-projections has applications in quantum theory. An important
results says that if 1 is a positive real valued function on the ortho-projections of M,
with n > 3 and Y(P + Q) = ¢¥(P) + ¢(Q) for all orthogonal ortho-projections, then
has a linear extension to M,,. This is the Gleason theorem, see R. Cooke, M. Keane and
W. Moran: An elementary proof of Gleason’s theorem. Math. Proc. Cambridge Philos.
Soc. 98 1985), 117-128.

Positive and conditionally negative definite kernel function are well discussed in the
book C. Berg, J.P.R. Christensen and P. Ressel: Harmonic analysis on semigroups. The-
ory of positive definite and related functions. Graduate Texts in Mathematics, 100.
Springer-Verlag, New York, 1984. (It is remarkable that the conditionally negative defi-
nite is called there negative definite.)

4.8 Exercises

1. Give an example of A € M, (C) such that the spectrum of A is in R and A is not
positive.
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. Let A € M,(C). Show that A is positive if and only if X*AX is positive for every

X € M, (C).

. Let A € B(H). Prove the equivalence of the following assertions: (i) || A|| < 1, (ii)

A*A <1, and (iii) AA* < I.

. Let A € M,,(C). Show that A is positive if and only if Tr X A is positive for every

positive X € M, (C).

. Let ||A]] < 1. Show that there are unitaries U and V' such that

A= %(U+V).

(Hint: Use Example [£.2])

. Show that a matrix is weakly positive if and only if it is the product of two positive

definite matrices.

. Let V:C" — C" ® C" be defined as Ve; = e¢; ® e;. Show that

V*(A® B)V = Ao B (4.6)

for A, B € M, (C). Conclude the Schur theorem.

. Let A be a positive 2 X 2 matrix with real entries. Show that

By; = (Aij)’

is a positive matrix for every t > 0. Give a counter example that the similar
statement is not true for 3 x 3 matrices.

. Assume that P and @) are projections. Show that P < @) is equivalent to PQ) = P.

Assume that Py, P, ..., P, are projections and P, + P, + ...+ P, = I. Show that
the projections are pairwise orthogonal.

Let U|A| be the polar decomposition of A € M,,. Show that M is normal if and
only if U|A| = |A|U.

Let P € M,, be idempotent, P? = P. Show that P is an ortho-projection if and
only if [|P|| < 1.

Show that the kernels 9 (z,y) = cos(x — y), cos(z? —y?), (1+ |z —y|)~! are
positive semidefinite on R x R.

Assume that the kernel ¢ : X x X — C is positive definite and ¢ (z,x) > 0 for
every x € X. Show that
s w(% y)

Y(x,y) =

is a positive definite kernel.
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15.

16.
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Assume that the kernel ¢ : X x X — C is negative definite and ¢ (x,z) > 0 for
every x € X. Show that

log(1 +(x,y))

is a negative definite kernel.

Show that the kernel ¢ (z,y) = (sin(x — y))? is negative semidefinite on R x R.



Chapter 5

Functional calculus for matrices

Let A € M,,(C) and p(z) := >, ¢;z* be a polynomial. It is quite obvious that by p(A)
one means the matrix Y, ¢;A".

5.1 The exponential function

The Taylor expansion of the exponential function can be used to define e for a matrix
A € M, (C):
o A”
A _
n=0

(The right-hand-side is an absolutely convergent series.)

Theorem 5.1 If AB = BA, then

A B m pn
ee” = 20—m'n'A B
Therefore,
=1
edel = ZEC’“
k=0
where Ll
Cri= > — S A"B
m-+t+n==k

Due to the commutation relation AB = BA, the binomial formula holds and C) =
(A + B)*. We conclude

(A+ B)*

]

S
9]

@

I
(]2
=| =

which is the statement.
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We can give another proof by differentiation. It follows from the expansion (B.]) that
the derivative of the matrix-valued function ¢ — e defined on R is e A. Therefore,

0
G tALC—tA _ JtA 4 ,O—tA _ jtA 4 ,C—tA _

ot

if AC' = C A. Therefore, the function ¢ — e!4e®~4 is constant. In particular,

If we put A + B in place of C, we get the statement. 0J

Example 5.1 In case of 2 x 2 matrices, the use of the Pauli matrices

101 |10 - |1 0
=110l T o0 BT o -1
is efficient, together with I they form an orthogonal system.
Let A € M5 be such that

2 2 2
A = c101 + 09 + 303, cit+cea+ceg=1

in the representation with Pauli matrices. It is simple to check that A? = I. Therefore,
for even powers A?" = I, but for odd powers A?"*! = A. Choose ¢ € R and combine the
two facts with the knowledge of the relation of the exponential to sine and cosine:

)nc2n+1 A2n+1

o _SaPOA S A & o
‘ _Z n! _Z (2n)! +1nZ:0 @2n 1 1)! = (cosc)l +i(sinc)A

A general matrix has the form C' = ¢yl + cA and
e'“ = e0(cos ¢)I + i€ (sin c) A.
(e is similar, see Exercise Bl) O
The next theorem gives the so-called Lie-Trotter formula.

Theorem 5.2 Let A, B € M, (C). Then

6A+B = lim (eA/neB/n)n
n—oo
Proof: First we observe that the identity
n—1
X' —y"=> X"'IX -Y)Y
=0

implies the norm estimate

X" =y <t X - Y| (5.2)
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for the submultiplicative operator norm when the constant ¢ is chosen such that | X||, || Y]] <
t.

Now we choose X,, := exp((A + B)/n) and Y,, := exp(A/n)exp(B/n). From the
above estimate we have
X5 = Y2l < nullX, — Yo, (5-3)

if we can find a constant u such that || X, ||, [|V,||"~! < u. Since
1XalI" ™" < (exp((1 A + [1B])/n))" ™ < exp([|Al| + ||B]])
and
IVall"" < (exp([|All/n))" " x (exp(||B]|/n))" " < exp || Al| x exp || B,

u = exp(||A]| + || B||) can be chosen to have the estimate (5.3)).
The theorem follows from (5.3) if we show that n|| X, — Y,|| — 0. The power series

expansion of the exponential function yields
A+B 1 [(A+BY\’
+ = -
n 2

A 1 /A\? B 1 /(B\?
Yn:<l+—+—<—) +...>x<[+—+—(—) +>
n  2\n n 2\n

If X, —Y, is computed by multiplying the two series in Y,,, one can observe that all
constant terms and all terms containing 1/n cancel. Therefore

Xn=1+
n

and

C
I, — Yol <

for some positive constant c. O]

A+B

If A and B are self-adjoint matrices, then it can be better to reach e as the limit

of self-adjoint matrices.

Corollary 5.1

Proof: We have
n
(e% en e%) — ¢ (eA/"eB/")n e
and the limit n — oo gives the result. 0

Theorem 5.3 For matrices A, B € M, the Taylor expansion of the function R 5 t —

eA-‘rtB is
> A1),
k=0

where Ay(s) = e*4 an

t—
0

d
s t1 1
Ak(S) = / dtl / dtg ce / dtk6(8_t1)ABe(t1_t2)AB ce BetkA
0 0

for s € R.
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Proof: To make differentiation easier we write
Ak(S) = / €(S_t1)ABAk_1(t1) dtl = 6SA/ €_t1ABAk_1(t1) dtl
0 0

for k£ > 1. It follows that

iAk(S) = A€SA/ 6_t1ABAk_1(t1)dt1+€SAi/ 6_t1ABAk_1(t1)dt1
ds 0 ds 0

= AAk(S) + BAk_l(S).
Therefore .
F(s) =Y A(s)
k=0
satisfies the differential equation
F'(s) = (A+ B)F(s), F(0)=1.

Therefore F(s) = A8, If s = 1 and we write tB in place of B, then we get the
expansion of eAT*5. O

Corollary 5.2
9 pA+tB

ot

t=

1
:/ e Bel=w4 qy.
0 0

The following result is Lieb’s extension of the Golden-Thompson inequality.

Theorem 5.4 (Golden-Thompson-Lieb) Let A, B and C' be self-adjoint matrices. Then

Tr BT < / Tred(t+e ) Bt +e7 ) dt.
0

When C' = 0, the we have
TreAt8 < Trede? (5.4)

which is the original Golden-Thompson inequality. If BC' = C' B, then in the right-hand-

side, the integral
/ (t+e ) 2dt
0

appears. This equals to e“ and we have TreAT5+C < TredeBe®. Without the assump-
tion BC' = CB, this inequality is not true.

An example of the application of the Golden-Thompson-Lieb inequality is the strong
subadditivity of the von Neumann entropy (defined by (5.5)).

Example 5.2 The partial trace Tr; : M ® M,, — M,, is a linear mapping which is
defined by the formula Tr;(A ® B) = (Tr A)B on elementary tensors. It is called partial
trace, since trace of the first tensor factor was taken. Try : M ® M,,, — M, is similarly
defined. We shall need this concept for three-fold tensor product.
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Recall that D € M, is a density matrix if 0 < D and Tr D = 1. The von Neumann
entropy of a density matrix D is S(D) = —Tr Dlog D (see also in (5.26])).

Let D123 be a density matrix in M ® M; ® M,,,. The reduced density matrices are
defined by the partial traces

D12 = T1"1D123 € Mk & Ml, D2 = T1"13D123 € Ml and D23 = TI1D123 € Mk

The strong subadditivity is the inequality
S(D1a3) + S(D2) < S(D12) + S(Da3). (5.5)
which is equivalent to
Tr D193 (log D123 — (log D12 — log Dy + log Ds3)) > 0.

The operator
exp(log Dya —log Dy + log Das)

is positive and can be written as AD for a density matrix D. Actually,
A = Tr exp(log D15 — log Do + log Dag3).
We have

S(D12) + S(Da3) — S(D123) — S(D2)
=Tr D123 (log D123 — (lOg D12 — lOg D2 + lOg Dgg))
= S(D123]|AD) = S(D123||D) — log A (5.6)

Here S(X||Y) := Tr X (log X —logY') is the relative entropy. If X and Y are density
matrices, then S(X||Y") > 0. Therefore, A < 1 implies the positivity of the left-hand-side
(and the strong subadditivity). Due to Theorem [5.4] we have

Tr exp(log D12 — log D2 + lOg Dgg)) S / Tr Dlg(tl + Dg)_ngg(tl + DQ)_l dt
0

Applying the partial traces we have
Tr Dio(t] + Do) Dog(tl + Dy) ™' = Tr Dy(t] + Do) ' Dy(t] + Dy)

and that can be integrated out. Hence
/‘ﬂmﬁuogﬁ@w+mwﬁ:ﬂm21
0

and A <1 is obtained and the strong subadditivity is proven.

If the equality holds in (B.5]), then exp(log D1y — log Dy + log Dag) is a density matrix
and
S(D123|| exp(log D12 — log D2 + lOg Dgg)) =0

implies
lOg D123 = log D12 — log D2 + lOg D23. (57)

This is the necessary and sufficient condition for the equality. 0
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A function f:R* — R is the Laplace transform of a measure p on [0, 00) C R if

£(t) = / Tedun)  (teRY).

According to the Bernstein theorem such a measure p exists if and only if the nth
derivative of f has the sign (—1)"™ on the whole R* and for every n € N. (Such a function
is often called completely monotone.)

Statement (ii) in the next theorem is the Bessis-Moussa-Villani conjecture from 1975.
The theorem is due to Lieb and Seiringer. It gives equivalent conditions, property (i)
has a very simple formulation.

Theorem 5.5 Let A, B € M’* and let t € R. The following statements are equivalent:

(i) The polynomial t — Tr (A + tB)P has only positive coefficients for every A and
B >0 and all p € N.

(i1) For every A and B > 0, the function t — Tr exp (A — tB) is the Laplace transform
of a positive measure supported in [0, 00).

(i1i) For every A > 0, B > 0 and all p > 0, the function t — Tr (A 4+ tB)™P is the
Laplace transform of a positive measure supported in [0, 00).

Proof: (i)=(ii): We have

|
Tr exp (A — tB) = e 141y T (A + (Al - tB)* (5.8)
k=0

and it follows from Bernstein’s theorem and (i) that the right-hand-side is the Laplace
transform of a positive measure supported in [0, 00).

(ii)=-(iii): This follows from taking the trace of the matrix equation

(A+tB)? = ﬁ /000 exp [—u(A +tB)| v’ du . (5.9)

(iii)=-(i): It suffices to assume (iii) only for p € N. For invertible A we observe
that the r-th derivative of Tr (Ag + tBy)~? at t = 0 is related to the coefficient of ¢" in
Tr (A+tB)P as given by (5.31) with A, Ay, B, By related as in Lemma 5.1l The left side
of (5.31)) has the sign (—1)" because it is the derivative of a function that is the Laplace
transform of a positive measure supported in [0, 00). Thus the right-hand-side has the
correct sign as stated in item (i). The case of non-invertible A follows from continuity
argument. 0

5.2 Other functions

All reasonable functions can be approximated by polynomials. Therefore, it is basic to
compute p(X) for a matrix X € M, and for a polynomial p. The canonical Jordan
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decomposition
Ty (A1) 0 0
x=g| O e " s o sus,
0 0 T, o)
gives that
P(Jk (A1) 0 o 0
pxy=s| O PG ! St = Sp(J)S.
0 0 P Ow)

The crucial point is the computation of (Ji(A))™. Since Ji(A) = AL, + Jr(0) = AL, + Ji
is the sum of commuting matrices, to compute the mth power, we can use the binomial
formula:

(Ju(\)™ = N1, + 2:? @) A3 g

The powers of J;, are known, see Example 2.1l Let m > 3, then the example

I m(m — 1)\"2

m(m — 1)(m — 2)A™73 ]

™ m)\m—l
2! 3!
0 A m)\m—l m(m _ 1)>\m—2
Ja(N)™ = 2!
0 0 A mA 1
| 0 0 0 A i
shows the point. In another formulation,
I o P PP )]
) py S
pl/(>\)
0  pA) p(A
PI) = WPy
0o 0 pn) PN
[ 0 0 0 p(A)

which is actually correct for all polynomials and for every smooth function. We conclude
that if the canonical Jordan form is known for X € M,,, then f(X) is computable. In
particular, the above argument gives the following result.

Theorem 5.6 For X € M,, the relation
det e® = exp(Tr X)

holds between trace and determinant.
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The matrix A € M, is diagonizable if
A= SDlag(Al, >\2, ceey )\n>S_1

with an invertible matrix S. Observe that this condition means that in the Jordan canon-
ical form all Jordan blocks are 1 x 1 and the numbers Ay, A9, ..., A\, are the eigenvalues
of A. In this case

when the complex-valued function f is defined on the set of eigenvalues of A.

Example 5.3 We consider the matrix

1+2z xz2—yi| _|14+=2 w
X = . = _
r4+yi 1—=2 w 1—=z

when z,y,x € R. From the characteristic polynomial we have the eigenvalues
)\1:1+R and )\2:1—R,

where R = /2?2 + y?> 4+ 22. If R < 1, then X is positive and invertible. The eigenvectors

are
u = (R+ z,w) and  uy = (R — z,—w).

Set

0 1-R 0

A:[1+R 0 ]’ S:[R+z R—z].
w —w
We can check that XS = SA, hence

X = SAS™L.

To compute S~! we use the formula

a b1 1 d b
¢c d| ad—bc|—c a |’

Hence

It follows that
Xt = Qg |:bt —_i_ N v :| s

W by — z
where
a_(1+R)t—(1—R)t b (1+ R+ (1—-R)
L 2R ’ T A+ RI-(1-RY

The matrix X /2 is a density matrix and has applications in quantum theory. O]
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The function used are typically continuous. By C™-function on an interval of the real
line we mean n-times differentiable function whose nth derivative is still continuous.

Remember that self-adjoint matrices are diagonalizable and they have a spectral
decomposition. Let A = > . NP, be the spectral decomposition of the self-adjoint
A € M, (C). (\; are the different eigenvalues and P; are the corresponding eigenpro-
jections, the rank of P; is the multiplicity of A;.) Then

f(A) =3 FOWP: (5.11)

Usually we assume that f is continuous on an interval containing the eigenvalues of A.
Example 5.4 Consider
fi(t) ==max{t,0} and f_(¢t):=max{—-t,0} for teR.
For each A € B(H)** define
Ay = fi(A) and A= [ (A).
Since fy(t), f-(t) >0, fi(t) — f_(t) =t and f.(t)f_(t) = 0, we have
AA >0, A=A, —A, A/A_=0.

These A, and A_ are called the positive part and the negative part of A, respectively,
and A= A, + A_ is called the Jordan decomposition of A. O

Theorem 5.7 If fi, and gy are functions (a, ) — R such that for some ¢, € R

> erfi(@)grly) > 0

for every x,y € (a, B), then

> o Tr fi(A)gu(B) > 0

whenever A, B are self-adjoint matrices with spectrum in («, [3).

Proof: Let A= \ip; and B =) ; 11¢; be the spectral decompositions. Then
Z e Tr fr(A)gr(B) = Z Z i Tr pi fr(A) gr(B)g;
k ki
= Y Trpig; Y cnfe(M)gr(p) >0
4,

k

due to the hypothesis. 0

Example 5.5 In order to show the application of the previous theorem, assume that f
is convex. Then

f@) = fly) = (@—y)f'(y) >0
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and
Tr f(A) > Tr f(B) + Tr (A — B) f'(B). (5.12)

Replacing f by n(t) = —tlogt we have
—TrAlogA > —TrBlogB—Tr(A— B) —Tr(A— B)log B
or equivalently
Tr A(log A —log B) > Tr (A — B). (5.13)

The left-hand-side is the relative entropy of the positive matrices A and B. If Tr A =
Tr B =1, then the lower bound is 0.

Concerning the relative entropy we can have a better estimate. If Tr A = Tr B = 1,
then all eigenvalues are in [0, 1]. Analysis tells us that for some £ € (x,y)

1 , 1
—n(x) +n(y) + (@ =y)'(y) = =5z —y)"n"(©) 2 5z —y)° (5.14)

when z,y € [0,1]. According to Theorem [5.7] we have
Tr A(log A —log B) > +Tr (A — B)~. (5.15)

The Streater inequality (5.15]) has the consequence that A = B if the relative entropy
is 0. 0

Let f be holomorphic inside and on a positively oriented simple contour I' in the
complex plane and let A be an n X n matrix such that its eigenvalues are inside of I'.
Then

. 2m/f V(2D — A)” (5.16)

is defined by a contour integral. When A is self-adjoint, then (5.11]) makes sense and it
is an exercise to show that it gives the same result as (5.10]).

Example 5.6 We can define the square root function on the set
T ={R¥cC:R>0, —7/2<p<n/2}

as vV Rel? := v/Re'?/? and this is a holomorphic function on C*.

When X = S Diag(Ay, Ao, ..., \n) S™1 € M, is a weakly positive matrix, then Ay, Ao, . ..

0 and to use (5.16]) we can take a positively oriented simple contour T in C* such that
the eigenvalues are inside. Then

\/Y:m/le X)'dz

= S<2—m,/F\/EDiag(l/(z—)\l),l/(z—Ag),...,l/(z—An))dz) St
= SDiag(&,@,...,\/Yn)S_l.
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5.3 Derivation

This section contains derivatives of number-valued and matrix-valued functions. From
the latter one number-valued can be obtained by trace, for example.

Example 5.7 Assume that A € M, is invertible. Then A + ¢T is invertible as well for
T € M, and for small real number t. The identity

(A+tT) ' — A = (A+tT) YA - (A+tT) A = —t(A+tT)'TA™,

gives

lim % ((A ) - A—l) = _ATITA

t—0

The derivative is computed at ¢t = 0, but if A + ¢7T is invertible, then

%(/H_tT)_l = —(A+(T) ' T(A +17)! (5.17)

by similar computation. We can continue the derivation:

d’ 1 1 1 -1

ﬁ(A—l—tT)_ =2(A+tT)"" T(A+tT)""T(A+1tT) (5.18)
3

%(A +1T) ' = —6(A+tT) " T(A+tT) " T(A+tT) 'T(A++T)"" (5.19)

So the Taylor expansion is
(A+tT)™" = A —tA'TA 4+ PA'TAT'TA™ — BAT'TAT'TAT'TA™ + ...
= Z(_t)nA—l/Z(A—l/ZTA—1/2)nA—1/2. (5.20)

n=0

Since

(A+tT)" = ATVA(I + AT PT AT AT

we can get the Taylor expansion also from the Neumann series of (I +tA~'/2TA=Y/2)~1,
see Example .4l O

Example 5.8 Assume that A € M, is positive invertible. Then A + tT is positive
invertible as well for 7" € M?* and for a small real number ¢t. Therefore log(A + tT) is
defined and it is expressed as

log(A + T) = / (x+1)7T — (2 4+ A+1T)" du.
0

This is a convenient formula for the derivation (with respect to t € R):

% log(A+tT) = / (x+A+tT) " T(x+ A+tT) Hdx
0
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from the derivative of the inverse. The derivation can be continued and we have the
Taylor expansion

log(A-+¢T) =log A+t [ (o) T(a +4) " da
0
—t / (z+ AT+ AT T(x+A) " da + ...
0
:lOgA—Z(—t)"/ (;(;—|—A>—1/2((x+A)—1/2T(x+A)—1/2)n(x_'_A>_1/2 dr
n=1 0

O

Theorem 5.8 Let A, B € M, (C) be self-adjoint matrices and t € R. Assume that
f o (a,8) = R is a continuously differentiable function defined on an interval and
assume that the eigenvalues of A+ tB are in («, 8) for smallt —tg. Then

d
—Tr f(A+1tB) =Tr(Bf'(A+tyB)).
dt t=to
Proof: One can verify the formula for a polynomial f by an easy direct computation:
Tr (A + tB)" is a polynomial of the real variable t. We are interested in the coefficient
of ¢ which is

Tr (A" 'B+ A" ?BA+ ...+ ABA" 2 + BA"™') =nTr A" 'B.

We have the result for polynomials and the formula can be extended to a more general
f by means of polynomial approximation. O

Example 5.9 Let f: (a, ) — R be a continuous increasing function and assume that
the spectrum of the self-adjoint matrices B and C' lies in (a, ). We use the previous
theorem to show that

A<C implies Trf(A) <Tr f(C). (5.21)

We may assume that f is smooth and it is enough to show that the derivative of
Tr f(A + tB) is positive when B > 0. (To observe (5.2I]), one takes B = C' — A.)
The derivative is Tr (Bf'(A + tB)) and this is the trace of the product of two positive
operators. Therefore, it is positive. O

For a holomorphic function f, we can compute the derivative of f(A+¢B) on the basis
of (5.16]), where I' is a positively oriented simple contour satisfying the properties required
above. The derivation is reduced to the differentiation of the resolvent (21 — (A+tB))~!
and we obtain

1

t=0  2mi

d
X = Ef(A#—tB)

/Ff(z)(zl —A)'B(zl - A)tdz. (5.22)

When A is self-adjoint, then it is not a restriction to assume that it is diagonal, A =
Diag(tq,ts,...,t,), and we compute the entries of the matrix (5.22)) using the Frobenius

formula
f) —ft;) 1 f(2)
ti—tj _%/F(Z—tl)(z—t])dz

f[tiv tj] =
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Therefore,

x, =L / JTRL I S () e )
r

% Z—tz Z—tj tz—t] g

A C* function can be approximated by polynomials, hence we have the following result.

Theorem 5.9 Assume that f : (o, ) — R is C! function and A = Diag(ti,t,...,t,)
with « < t; < B (1 <i <n). If B= B* then the derivative t — f(A+ tB) is an
Hadamard product:

%ﬂA+ﬁﬂ — Do B, (5.23)

t=0
where D is the divided difference matriz,

f(t) — f(t;)

Dy = ti =1 v oR-uA0 (5.24)
F(t:) if ti—t;=0.
Let f: (o, 5) — R be a continuous function. It is called matrix monotone if
A< C implies f(A) < f(C) (5.25)

when the spectrum of the self-adjoint matrices B and C lies in (a, 3).

Theorem tells us that f(x) = —1/x is matrix monotone function. Matrix mono-
tonicity means that f(A + tB) is an increasing function when B > 0. The increasing
property is equivalent to the positivity of the derivative. We use the previous theorem
to show that the function f(x) = y/x is matrix monotone.

Example 5.10 Assume that A > 0 is diagonal: A = Diag(ty,ts,...,t,). Then deriva-
tive of the function v A+ tB is D o B, where

1
1
20/t
This is a Cauchy matrix, see Example [£.4] and it is positive. If B is positive, then so is

the Hadamard product. We have shown that the derivative is positive, hence f(z) = /z
1s matrix monotone.

The idea of another proof is in Exercise [18| O

if t;—t; #0,
Dij -

A subset K C M, is convex if for A, B € K and for a real number 0 < A < 1
M+ (1-N)B e K.

The functional F' : K — R is convex if for A, B € K and for a real number 0 < A < 1
the inequality
FOAA+(1=-MNB)<AF(A)+(1-\NF(B)

holds. This inequality is equivalent to the convexity of the function
G:[0,1] = R, G\ :=F(B+AA-DB)).

It is well-known in analysis that the convexity is related to the second derivative.
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Theorem 5.10 Let K be the set of self-adjoint n X n matrices with spectrum in the
interval (o, B). Assume that the function f : (o, 8) — R is a convex C? function. Then
the functional A — Tr f(A) is conver on K.

Proof: The stated convexity is equivalent with the convexity of the numerical functions

It is enough to prove that the second derivative of t — Tr f(A +tB) is positive at t = 0.

The first derivative of the functional ¢t — Tr f(A+¢B) is Tr f'(A+tB)B. To compute
the second derivative we differentiate f'(A+¢B). We can assume that A is diagonal and
we differentiate at ¢ = 0. We have to use (5.23) and get

d ., _ ) = 1'(@)
[%f (A + tB) t:O} ij N t; — 1 Bij ’
Therefore,
d? d ,
Shf(A+tB)| = Tr [Ef (A +1B) tZO}B
d
= LlEfam| ], b
_ F'@) =) o
- Z WBUCBIM

ik

= > (si)| Bl
i

where s;, is between t; and ;. The convexity of f means f”(s;) > 0. Therefore we
conclude the positivity. O

Note that another, less analytic, proof is sketched in Exercise [14l

Example 5.11 The function

| —xlogx it 0<u,
”(I)_{o it =0

is continuous and concave on R*. For a positive matrix D > 0
S(D) :=Trn(D) (5.26)

is called von Neumann entropy. It follows from the previous theorem that S(D) is a
concave function of D. If we are very rigorous, then we cannot apply the theorem, since
n is not differentiable at 0. Therefore we should apply the theorem to f(z) := n(z + ),
where € > 0 and take the limit ¢ — 0. U

Example 5.12 Let a self-adjoint matrix H be fixed. The state of a quantum system is
described by a density matrix D which has the properties D > 0 and Tr D = 1. The
equilibrium state is minimizing the energy

F(D) =Tt DH — %S(D),
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where [ is a positive number. To find the minimizer, we solve the equation

)
S F(D +1X)

for self-adjoint matrices X with the property Tr X = 0. The equation is

=0

t=0

1 1
Tr X H+—logD+—I) =0
(1 jrosp 5
and
H+ l log D + lI
5 %7
must be ¢/. Hence the minimizer is
p- "~
i (5.27)
which is called Gibbs state. O

Example 5.13 Next we restrict ourselves to the self-adjoint case A, B € M, (C)** in
the analysis of (£.22).

The space M, (C)** can be decomposed as M 4 & M, where M4 := {C' € M, (C)*®
CA = AC} is the commutant of A and M7 is its orthogonal complement. When the
operator L4 : X — i(AX — XA) = i[A, X]| is considered, M, is exactly the kernel of
L4, while M7 is its range.

When B € My, then

1
2m/f Yzl — A)'B(zl — A)~? 2m/f )(zI — A)"*dz = Bf'(A)
and we have J
S f(A+ tB)‘ = Bf(A). (5.28)
When B =i[A, X] € M, then we use the identity

(21 — A)7HMA, X](2] — At =[(2] — AL X]

and we conclude

— i[f(A), X]. (5.29)

t=0

d .
%f(A + ti[A, X])

To compute the derivative in an arbitrary direction B we should decompose B as
Bl D Bg with Bl € MA and Bg € MAJA' Then

d
ZHA+B)| = Bif/(A) +ilf(4). X], (5.:30)
where X is the solution of the equation By = i[4, X]. O

Lemma 5.1 Let Ay, By € MJ* and assume Ay > 0. Define A = Ao_l and B =
Ay 1/230/1 1/2, and lett € R. For all p,r € N

T

d
%Tr (A() ‘l‘ tB())

=2 d—Tr(A+tB)p+7” . (5.31)

—o Dbt dtr 0
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Proof: By induction it is easy to show that

%(A—i-tB)PM‘ =7l Z (A_'_tB)ilB...B(A —i—tB)i"“ .

0<iq,..,ipg 1<pP
>ji=p

By taking the trace at ¢t = 0 we obtain

T

d
L=2Tr(A+tBP
1= g (A+tB)

=l §  TrA"B.. - BA™ .
t=0 0<iy,eyipy1<p
25 1=P

Moreover, by similar arguments,

T

d ' |
%(Ao—l—tBo)_p = (=1)"r! Z (Ag +tBy) By - - - By(Ag + tBy) r+t |

1<iq ooty 1P
>jij=p+r

By taking the trace at t = 0 and using cyclicity, we get

T

b= LT (4 4 tBy)

T =(=1rt ) TrAA"'B-.-BA"

t=0 0<i,emipy1 <p—1
2jij=p—1

We have to show that

p
I, = —1)"1; .
2= P (-1

To see this we rewrite I; in the following way. Define p + r matrices M; by

<3<
Mj:{B for1<j<r

A forr+1<j<r+p.

Let S,, denote the permutation group. Then

ptr

I :% S T [[Mag) -

" TESp4r Jj=1

Because of the cyclicity of the trace we can always arrange the product such that M,
has the first position in the trace. Since there are p + r possible locations for M,, to
appear in the product above, and all products are equally weighted, we get

p+r—1

p+r
TESprr—1 j=1
On the other hand,
1 p+r—1
I =(-1) B Z Tr A H My
WESP+T71 j:1

so we arrive at the desired equality. 0
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5.4 Notes and remarks

The first proof of (5.3]) is due to E.H. Lieb and M.B. Ruskai, see the book [40]. The
presented proof is from J. Pitrik.

The Bessis, Moussa and Villani conjecture (or BMV conjecture) was published in the
paper D. Bessis, P. Moussa and M. Villani: Monotonic converging variational approxi-
mations to the functional integrals in quantum statistical mechanics, J. Math. Phys. 16,
2318-2325 (1975). Theorem is from E. H. Lieb and R. Seiringer: Equivalent forms
of the Bessis-Moussa-Villani conjecture, J. Statist. Phys. 115, 185-190 (2004).

The contour integral representation (5.16) was found by Henri Poincaré in 1899.

5.5 Exercises

1. Prove the Golden-Thompson inequality using the trace inequality
Tr (CD)" <TrC"D" (n € N) (5.32)
for C, D > 0.
2. Let A and B be self-adjoint matrices. Show that

|Tr e8] < Tred. (5.33)

3. Let
C = col + (101 + 209 + c303)  with & + ¢+ =1,

where o1, 09, 03 are the Pauli matrices and ¢y, ¢q, ¢o, ¢c3 € R. Show that

e“ = e ((cosh )l + (sinh ¢)(c101 + ooy + 303)) .

4. Let A, B € M, and ||A||,||B|| < A. Prove that
e* — Bl < A= Blje* .
(Hint: Show first that [|[A™ — B™|| < mA™ !||A — B||.)
5. Assume that

A cost —sint
e’ = .
sint cost

What is the matrix A?

6. Let A € M3 have eigenvalues A\, A\, p with A # . Show that

ut At tet
S Ry o R
(1 —A)? =X

7. Assume that A € M3 has different eigenvalues A, u, v. Show that

i A= p)(A=vD) L (A=N)A=vD) (A= M)A = pl)
O —) (1= W= ) =N =)

e = eM(I 4+ t(A— ) + (A— )2

e
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8.

10.

11.

12.

13.

14.

15.

16.
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Assume that the n x n matrix A is diagonalizable and let f(t) = t"™ with m € N.
Show that (5.10) and (5.16]) are the same matrices.

Prove Corollary directly in the case B = AX — X A.

Let 0 < D € M, be a fixed invertible positive matrix. Show that the inverse of
the linear mapping

Jp:M, = M,,  Jp(B)=3i(DB+ BD) (5.34)

is the mapping
J5HA) = / e~tD12 Ae=tPI2 gt (5.35)
0

Let 0 < D € M, be a fixed invertible positive matrix. Show that the inverse of
the linear mapping

1
Ip:M, > M,  Jp(B)= / D'BD'dt (5.36)
0

is the mapping
I3 (4) = / (D + 1) A(D + )~ dt. (5.37)
0
Prove (5.23) directly for the case f(t) =t", n € N.

Let f: [a, 5] = R be a convex function. Show that

T f(B) 2 Y f(TrBp). (5.38)

for a pairwise orthogonal family (p;) of minimal projections with > . p; = I and for a
self-ajoint matrix B with spectrum in [a, 8]. (Hint: Use the spectral decomposition
of B.)

Prove Theorem [5.10 using formula (5.38)). (Hint: Take the spectral decomposition
of B=AB; + (1 — \)Bs and show ATr f(B1) + (1 — A\)Tr f(By) > Tr f(B).)

Show that
2 o)
% log(A + 1K) =2 / (At s) ' K(A+s) K(A+s) " ds.  (5.39)
t= 0
Show that
82 IOgA(Xl,XQ) = —/ (A"—S)_le(A+S)_1X2(A+S)_1 ds
0

— /OO(A +8) T Xo(A+8) 7 X (A4 5) " ds

for a positive invertible variable A.
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17.

18.

19.

20.

21.
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Show that
PAX, X)) = AT XA XA + AT XA X AT
for an invertible variable A.

Differentiate the equation

VA+tBVA+tB=A+1tB

and show that for positive A and B

d
—VA+tB > 0.
dt + t=0 0

For a real number 0 < « # 1 the Rényi entropy is defined as

1
Sa(D) = 1 log Tr D* (5.40)

—

for a positive matrix D such that Tr D = 1. Show that S, (D) is a decreasing
function of o. What is the limit lim,_,; So(D)? Show that S, (D) is a concave
functional of D for 0 < o < 1.

Fix a positive invertible matrix D € M, and set a linear mapping M,, — M, by
Jp(A) = DAD. Consider the differential equation

0

ED(t) =IpwyI,  D(0) = po, (5.41)

where pg is positive invertible and 7' is self-adjoint in M,,. Show that D(t) =
(pg' —tT)~" is the solution of the equation.
When f(z) = 2* with k € N, verify that

[n] — Ul U2 Un, ,,Un+1
fUw, 20, ] = Ty Xo™ Xy Ty

UL, U, ney Uy 41 >0
u1+u2+.4.+un+1:k7n



Chapter 6

Block matrices

A block matrix means a matrix whose entries are not numbers but matrices. For example,

A B 1 2 3
c pl= 4 5 6
7 8 9
when
1 2 3
a=[1 2], 5=[2]. e=ir 5 petol

6.1 Direct sum of Hilbert spaces

If H, and Hs are Hilbert spaces, then H; @ Hs consists of all the pairs (fi, f2), where
f1 € Hq and fy € Hs. The linear combinations of a pair is computed entry-wise and the
inner product is defined as

(1, £2): (91, 92)) := (f1; 91) + (f2: 92)-

It follows that the subspaces {(f1,0) : fi € H1} and {(0, f2) : fo € Ha} are orthogonal
and span the direct sum H; & Ho.

Assume that H = H1 & Ho, K= K1 & Ky and A : H — K is a linear operator. A
general element of H has the form (f1, fo) = (f1,0) + (0, f2). We have A(f1,0) = (g1, g2)
and A(0, f2) = (g1, 95) for some g1, g7 € K1 and ¢, g5 € Ky. The linear mapping A is
determined uniquely by the following 4 linear mappings:

At fr— g5 An:tHi— K (1<i<2)
and
Ai22f2|—>g;, AZQI%Q—)ICZ' (1§’l§2)

We write A in the form
[All Aro }
Ay Ago |-

The advantage of this notation is the formula

|:A11 A12] (fl) _ (A11f1+A12f2)
Ay Az fa Apfi + Asafo )
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(The right-hand side is A(f1, f2) written in the form of a coloum vector.)
Assume that e’i,eg,...,ein(i) is a basis in H; and fI, f], ..., i(j) is a basis in K,
1 <i,j < 2. The linear operators A;; : H; — K; have a matrix [A;;] with respect to
these bases. Since
{(e;,0): 1<t <m(1)}uU{0,e):1<u<m(2)}
is a basis in ‘H and similarly

{(f£,0): 1<t <n(1)FUL{(0, f7) : m(2)}
) +

1<
is a basis in K, the operator A has an (m(1) +m(2)) x (n(1) + n(2)) matrix which is

expressed by the n(i) x m(j) matrices [A;;] as

Anl  [As]
Al = [An )
A [[Am (As)
This is a 2 x 2 matrix with matrix entries and it is called block matrix.
The computation with block matrices is similar to that of ordinary matrices.

ol fa) = k]

i ] [ ] - Eh iy i |

and
{[An] [A12]] " {[Bn] [B12]] _
[A2]  [Asg)] [Ba1]  [Ba2)]
[[Au] [Bul + [A] - [Ba]  [An] - [Bia] + [A2] [322]]
[A21] - [Bua] + [Aza] - [Bar]  [Az1] - [Baa] + [A2] - [Ba)]

6.2 Positivity and factorization

If we do not emphasize that the entries of the block matrix are matrices, we can write

A B

C DI’
This matrix is self-adjoint if and only if A = A*, B* = C' and D = D*. (These conditions
include that A and D are square matrices.)

For a 2 x 2 matrix, it is very easy to check the positivity:

[Z ZC)]EO if a>0 and bb< ac. (6.1)

If the entries are matrices, then the condition for positivity is similar but it is a bit more
complicated. It is obvious that a diagonal block matrix

o o)

is positive if and only if the diagonal entries A and D are positive.
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Theorem 6.1 Assume that A is invertible. The self-adjoint block matrix

. (62

positive if and only if A is positive and
B*A™'B < C.

Proof: First assume that A = I. The positivity of

rd

is equivalent to the condition

I B
<(f17f2>7[B* C:| (f17f2>>20
for every vector f; and f,. Computation gives that this condition is

(fi, fi) + {f2,Cfa) > —2Re (Bf2, f1)-

If we replace f; by € f; with real ¢, then the left-hand-side does not change, while
the right-hand-side becomes 2|(B f,, f1)| for an appropriate ¢. Choosing f; = Bf,, we
obtain the condition

(f2,Cfa) = (fo, B*Bfy)

for every f,. This means that positivity implies the condition C' > B*B. The converse
is also true, since the right-hand side of the equation

I B| |1 0||l B n 0 0
B* C| |B* 0[|0 O 0 C—-DB*B
is the sum of two positive block matrices.

For a general positive invertible A, the positivity of (6.2)) is equivalent to the positivity
of the block matrix

A2 0l A Bl[A Y2 0 I A-12B
0o I||B* C o | |BA Y2 C |-

This gives the condition C' > B*A~'B. O

Theorem has applications in different areas, see for example the Cramér-Rao
inequality, Section [6.3]

Theorem 6.2 For an invertible A, we have the so-called Schur factorization

{é g} - {Ci‘l ﬂ ' {,3 D—(E’)A—lB} ' {é A_;B} . (6.3)



6.2. POSITIVITY AND FACTORIZATION 73

The proof is simply the computation of the product on the right-hand-side.

I o] [ I o0

CA™L T S| -CATY T
is invertible, the positivity of the left-hand-side of (€.3)) is equivalent to the positivity of
the middle factor of the right-hand-side. This fact gives a second proof of Theorem

In the Schur factorization the first factor is lower triangular, the second factor is
block diagonal and the third one is upper triangular. This structure allows and easy
computation of the determinant and the inverse.

Since

Theorem 6.3 The determinant can be computed as follows.

A B] .,
Det [C’ D] = Det A Det (D — CA™'B).
If
A B
w=[e 5]

then D —CA™!B is called the Schur complement of A in M, in notation M/A. Hence
the determinant formula becomes Det M = Det A x Det (M/A).

Theorem 6.4 Let

A B
v=lp e

be a positive invertible matriz. Then

sup{XZO: [i)( 8] : [[94* g”

is A— BC™'B* = M/C.

Proof: The condition
{A - X B

A

is equivalent to
A—-X>BC'B*

and this gives the result. O

It follows from the factorization that for an invertible block matrix
A B
cC DJ|’
both A and D — CA~'B must be invertible. This implies that

{é gr - {é _AI_IB] 8 {A(JI (D—OSHB)—l] 8 [—C’[A—l 9]
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After multiplication on the right-hand-side, we have the following.

A B]"Y  [A'4+A'BWICAT' —A'BW!
c p| = —W-1CA™ W

_ v ~V-1BD!
- |-Dp'¢v' D'y D'CVIBD!

where W = M/A:=D — CA™'B and V = M/D := A— BD~!C.

Example 6.1 Let X, Xs,..., X,,1x be random variables with (Gaussian) joint proba-

bility distribution
| Det M
fu(z) = W exXp ( - %<Z> MZ>>, (6.5)

where z = (21, 29, ..., 2n1x) and M is a positive definite (m+k) X (m+ k) matrix, see Ex-
ample LI We want to compute the distribution of the random variables X7, X, ..., X,,.

Let

A B
=[5 o)
be written in the form of a block matrix, A is m x m and D is k x k. Let z = (x1,X3),
where x; € R™ and x5 € R¥. Then the marginal of the Gaussian probability distribution

Det M
fru(x1,%2) = (2mymrk P ( — 5{(x1,%2), M(X1=X2)>)
on R™ is the distribution
Det M
£150) =\ | GreDer b O ( — Lixy, (A BD‘lB*)xl)). (6.6)

We have

(x1,%2), M(x1,x%2)) =

Axq + Bxy,x1) + (B*x1 + Dx2,X3)

AXl,X1> + <BX2,X1> + <B*X1,X2> + <DX2,X2>

AXl,X1> + 2<B*X1,X2> + <DX2,X2>

AXl, X1> + <D(X2 + WXl), (Xg + WX1)> — <DWX1, WX1>,

o~ o~~~

where W = D~!B*. We integrate on R* as

/exp ( - %(Xl,Xz)M(Xl,Xﬁt) dxy = exp ( - %((AXle) — (DWxq, WX1>)>

X /exp ( — 2(D(x2 + Wxy), (x2 + WX1)>> dxs

(2m)*
Det D

(A — BD‘IB*)XI,X1)>

1
o (-}

and obtain (6.6).
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This computation gives a proof of Theorem as well. If we know that f(x;)
is Gaussian, then its quadratic matrix can be obtained from formula (6.4]). The co-

variance of X1, Xs, ..., X, is M~L. Therefore, the covariance of X, X,,...,X,, is
(A— BD™'B*)~!. Tt follows that the quadratic matrix is the inverse: A — BD™'B* =
M/D. O

Theorem 6.5 Let A be a positive nxn block matriz with kxk entries. Then A is the sum
of block matrices B of the form [B;; = X} X; for some k x k matrices X1, X, ..., X,.

Proof: A can be written as C*C' for some

Cn Cp ... Oy
Cor Coy ... Oy,
Cnl Cn2 CTm

Let B; be the block matrix such that its ith raw is the same as in C' and all other elements
are 0. Then C'= By 4+ By + ...+ B, and for t # i we have B} B; = 0. Therefore,

A=(B1+Bs+...+B) (Bi+By+ ...+ B,) = BBy + B;By+ ...+ B, B,.
The (4, j) entry of By B, is C};Cy;, hence this matrix is of the required form. O

As an application of the block matrix technique, we consider the following result,
called UL-factorization.

Theorem 6.6 Let X be an n X n invertible positive matrixz. Then there is a unique
upper triangle matriz T with positive diagonal such that X =TT™*.

Proof: The proof can be done by mathematical induction for n. For n = 1 the
statement is clear. We assume that the factorization is true for (n—1) x (n— 1) matrices
and write X in the form

A B
o (67
where A is an (invertible) (n — 1) X (n — 1) matrix and C' is a number. If
_ | T T
e ]

is written in a similar form, then
T TuTy + TTy, Ti215
Ty T, 15215,
The condition X = TT™* leads to the equations
Ty, + Tl = A,
T.T,, = B,
T22T2*2 == C
If Ty, is positive (number), then Thy = +/C is the unique solution, moreover
Ty, = BC™Y? and Ty,T;, = A— BC™'B".

From the positivity of (6.7), we have A — BC™1B* > 0. The induction hypothesis
gives that the latter can be written in the form of 71,7}, with an upper triangular 77;.
Therefore T is upper triangular, too. O
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6.3 Cramér-Rao inequality

The Cramér-Rao inequality is a basic result in statistics. Assume that 6 = (6, 6,) € R?
are unknown parameters of a probability distribution fs(z). Some random variables &;
and & are used to estimate 6; and 6,. The unbiased conditions are

Ey(6) = / fo(0)Ea) de =6, (i=1,2)

which means that the expectation value of §; is the parameter ;. Differentiating the
above equations with respect to #; and 65, we have

Josa@ds=o.)  (i.5=12)
The Cramér-Rao inequality is

(91.1p)2 (01£9)(D2.5) -1
C-—[Ee(ﬁ) Ey(&:&2) f f: da f ef‘) s de

Ep(&:82) Ee(ff)}_ [ @utICet) gy O gy
2 0

= !

where C' is called the covariance and F' is the Fisher information matrix. Note
that in the literature the identity

/ (6‘1fj;e) dr = / (81 1og fo)* fo da

appears.
The dyadic matrix

51(f9)ig
(81%9(){9}0)—1/2 [&(fa) 2 &a(fo)? (Dfo)(fo) 2 (D1 fo)(fo) 7]
(Onfo)(fo) /2

is positive and the integration entrywise yields

[C I

(Of course, it should be assumed that all integrals are finite.) According to Theorem
6.1 the positivity of the matrix gives C' > F~1.

In the quantum setting the probability distribution is replaced by a positive matrix
of trace 1, called density matrix. The random variables &; are replaced by selfadjoint
matrices. Therefore, the role of matrices is deeper in the quantum formalism.

Let M := {Dy : 0 € G} be a smooth m-dimensional manifold of n x n density
matrices. Formally G C R™ is an open set including 0. If € G, then 6 = (04,05, ...,0,,).
The Riemannian structure on M is given by the inner product

vp(A, B) = Tr Al (B) (6.8)
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of the tangent vectors A and B at the foot point D € M, where Jp : M,, — M,, is a
positive mapping when M, is regarded as a Hilbert space with the Hilbert-Schmidt inner
product. (This means Tr AJp(A)* > 0.)

Assume that a collection A = (Aq, ..., A,,) of self-adjoint matrices is used to estimate
the true value of 6. The expectation value of A; with respect to the density matrix D is
Tr DA;. Ais an unbiased estimator if

(In many cases an unbiased estimator A = (Ai,...,A,,) does not exist, therefore a
weaker condition is more useful.)

The (generalized) covariance matrix of the estimator A is a positive definite matrix
C,
Ci;j(D) =Tr (D — (Tr DA))Ip(D — (Tr DA;)I).

The Fisher information matrix of the estimator A is a positive definite matrix F’,
Fij(D) = Tr LiJp(L;), where L;=Jp"(0;Dy).

Both C' and F depend on the actual state D, when we formulate on the manifold they
are parametrized by 6.

The next theorem is the quantum version of the Cramér-Rao inequality. The
point is that the right-hand-side does not depend on the estimators.

Theorem 6.7 Let A = (Aq,...,A,) be an unbiased estimator of 0. Then for the above
defined matrices the inequality

C(Dg) > F(Dy)™*
holds.

Proof: In the proof the block-matrix method is used and we restrict ourselves for
m = 2 for the sake of simplicity and assume that 6 = 0. The matrices Ay, Ay, Ly, Lo
are considered as vectors and from the inner product (A, B) = Tr AJp(B)* we have the
positive matrix

Tr Al«zHD(Al) Tr A1JD(A2) Tr Al«zHD(Ll) Tr A1JD(L2)

X = Tr AQJD(Al) Tr AQJD(AQ) Tr AQJD(Ll) Tr AQJD(LQ)
' Tr L1JD(A1) Tr L1JD<A2) Tr L1JD(L1) Tr L1JD(L2)
Tr LQJD(AI) Tr LgJD(Ag) Tr LQJD(Ll) Tr LQJD(LQ)

From the condition (6.9), we have

Tr AZJD(L’L) =

fori=1,2 and

Tl"AiJD(Lj) == %Tl" DQAZ =0
J
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if 7 # j. Hence the matrix X has the form

@ )
where
C(0) = Tr AJp(4;) Tr Aljp(Ag)} RO = [TrLljD(Ll) Tt LiJp(Ls)
Tr AoJp(Ar) TrAxJp(As) Tr LoJp(Ly)  Tr LeJp(Ls)
The positivity of ([6.10) implies the statement of the theorem. O

If we analyze the off-diagonal part of X, then a generalization can be obtained. The
bias of the estimator is defined as

b(@) = (61(9), bg(e)) = (TI" Dg(Al — 91),T1" DQ(AQ — 92))

(Note that for an unbiased estimator we have b(#) = 0.) From the bias vector we form
a bias matrix

BU(G) = 8@11))(9) = 891.T1" DgAj - 891.9]'

Then
TIA1JD(L1) TIA1JD(L2):| _ [1 + BH(H) Blg(e) :| - —|—B
TI' AQJD(Ll) TI' AQJD(LQ) BQl (9) 1 + B22(9> 2
and the block-matrix (6.I0) becomes
C(0) L+ B
{12 +B F(0) } ! (6.11)
and we have
C(0) > (I +B(0))I(0)™ (I + B(H)") (6.12)

as the generalization of the previous theorem. For a locally unbiased estimator at
6 = 0, we have B(0) = 0.

6.4 Notes and remarks

6.5 Exercises

1. Show that [|(f1, f2)[I* = [l All* + [ 2.

2. Give the analogue of Theorem when C' is assumed to be invertible.

3. Let 0 < A <. Find the matrices B and C such that

rd

is a projection.
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Let

A B
=[5 4
and assume that A and B are self-adjoint. Show that M is positive if and only if

—-A<B<A

. Give the analogue of the factorization (6.3]) when D is assumed to be invertible.

. Show that the self-adjoint invertible matrix

A B C
B* D 0
cr 0 F

has inverse in the form

Q! -p ~R
—p* DYI+B'P) DIBR |,
~R*  R*BD'  EY(I+C'R

where

Q=A—-BD'B*—CE'C", P=Q'BD™, R=Q'CE.

. Find the determinant and the inverse of the block matrix

)

. Let A be an invertible matrix. Show that

A b

(Al
Det[C d]—(c cA™"b)Det A.



Chapter 7

Geometric mean

The inequality

\/%Sa;—b

is well-known for the geometric and arithmetic mean of positive numbers. In this chapter
the geometric mean will be generalized for positive matrices.

7.1 Motivation by a Riemannian manifold

The positive definite matrices might be considered as the variance of multivariate normal
distributions and the information geometry of Gaussians yields a natural Riemannian
metric. Those distributions (with 0 expectation) are given by a positive definite matrix
A € M, in the form

1
) =— exp (— (A7 2, ) /2 x e Ch). 7.1
fa(z) T e d p(—¢ /2) ) (7.1)
The set P of positive definite matrices can be considered as an open subset of an Euclidian
space R™ and they form a manifold. The tangent vectors at a footpoint A € P are the
self-adjoint matrices M’®.

A standard way to construct an information geometry is to start with an information
potential function and to introduce the Riemannian metric by the Hessian of the
potential. The information potential is the Boltzmann entropy

S(fa) :=— / fa(x)log fa(x)de = C + %Tr log A (C'is a constant). (7.2)

The Hessian is

82

Begp> arttisin)| =Tr A7 H\ AT H,
and the inner product on the tangent space at A is
gA(Hl,HQ> :TTA_1H1A_1H2. (73)

We note here that this geometry has many symmetries, each similarity transformation
of the matrices becomes a symmetry. Namely,

gsflA‘S’fl(S_lHlS_l, S_1H25_1> - gA<H1, Hg) (74)
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A differentiable function v : [0, 1] — P is called curve, its tangent vector at ¢ is v/(t)
and the length of the curve is
1
/ \/gwt)(v’(t)m’(t))dt-
0
Given A, B € P the curve

v(t) = AY2(ATVEBATY2) AV (0<t< 1) (7.5)

connects these two points: v(0) = A, v(1) = B. This is the shortest curve connecting
the two points, it is called geodesic.

Lemma 7.1 The geodesic connecting A, B € P is (7.0) and the geodesic distance is
3(A, B) = [|log(A™/2BATY?) |5,
where || - ||2 stands for the Hilbert-Schmidt norm.

Proof: Due to the property ([4) we may assume that A = I, then v(t) = B'. Let
((t) be a curve such that ¢(0) = ¢(1) = 0. This will be used for the perturbation of the
curve y(t) in the form (t) + €l(t).

We want to differentiate the length

/\/gw Dee) (V' (8) +el/(t), ' (t) +el/(t)) dt

with respect to € at ¢ = 0. This is

/0 (00O W) L g (1) + 20,7 (1) + L 0))

2

/ I (Bt el (t)) Y (B log B+el! (1)) (Bt +eb(t)) " (B! log B+el'(¢)) dt

2\/Tr logB
_ \/W /0 Tr (—B!(log B)*((t) + B~ (log B)('(1)) d.

Since we want to remove ¢'(t), we integrate by part the second term:

/1 Tr B~ "(log B){'(t) dt = [Tr B *(log B)K(t)}; + /1 Tr B~'(log B)*((t) dt

0

Since £(0) = ¢(1) = 0, the first term wanishes here and the derivative at ¢ = 0 is 0 for
every perturbation £(t). On the other hand

Gy (Y (1), (1)) = Tt B B*(log B)B~'B"log B = Tt (log B)*

does not depend on ¢, we can conclude that v(t) = B' is the geodesic curve between [
and B. The distance is

/\/Tr log B)?dt = +/Tr (log B)?.

The lemma is proved. U
The midpoint of the curve (ZH) will be called geometric mean of A, B € P.
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7.2 Geometric mean of two matrices

Let A, B > 0 and assume that A is invertible. We want to study the positivity of the

matrix p
X
43 -

for a positive X. The positivity of the block matrix implies
B> XAT'X,

see Theorem From the matrix monotonicity of the square root function (Example
[5.10), we obtain (A"Y/2BA-Y2)1/2 > A-1/2X A-1/2 or

A1/2(A—1/2BA—1/2)1/2A1/2 > X,

The left-hand-side is defined to be the geometric mean of A and B, in notation A#B.
It is easy to see that for X = A#B, the block matrix (7.6]) is positive. Therefore, A#B
is the largest positive matrix X such that (7.0) is positive. This can be the definition
for non-invertible A. An equivalent possibility is

A#B = lim (A +el)#B.

e——+0

If AB = BA, then A#B = AY2BY2(= (AB)"?). The inequality between geometric
and arithmetic means holds also for matrices, see Exercise [Il

Example 7.1 The partial ordering < of operators has a geometric interpretation for
projections. The relation P < () is equivalent to Rng P C Rng(), that is P projects
to a smaller subspace than (). This implies that any two projections P and () have a
largest lower bound denoted by P A Q). This operator is the orthogonal projection to the
(closed) subspace Rng P N Rng Q.

We want to show that P#Q = P A (). First we show that the block matrix

P PAQ
PAQ Q

is positive. This is equivalent to the relation

>0 (7.7)

P+ePt PAQ
PAQ Q

for every constant € > 0. Since
(PAQ)P +ePH)y ™ (PAQ)=PAQ

is smaller than @, the positivity (7)) is true due to Theorem We conclude that
P#Q > PAQ.
The positivity of
P+ePt X
]
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gives the condition
Q>X(P+e'PHX = XPX +e'XP*X.

Since € > 0 is arbitrary, X P*X = 0. The latter condition gives X = X P. Therefore,
Q > X2 Symmetrically, P > X? and Corollary tells us that P A Q > X? and so
PAQ > X. O

Theorem 7.1 Assume that Ay, As, As, Ay are positive matrices and A; < Ay, Az < Ay.
Then Al#Ag S AQ#A4.

Proof: The statement is equivalent to the positivity of the block matrix

{ Ay AI#AZ%}
AfFds Ay |

This is a sum of positive matrices:

Ay A1# A3 " Ay — Ay 0
Al #Ag Ag 0 A4 — Ag

The proof is complete. O

Theorem 7.2 (Léwner theorem) Assume that for the matrices A and B the inequal-
ities 0 < A< B hold and 0 <t < 1 is a real number. Then A < Bt.

Proof: Due to the continuity, it is enough to show the case t = k/2", that is, ¢ is a
dyadic rational number. We use Theorem [(.I] to deduce from the inequalities A < B
and I < [ the inequality

AYV? = A#] < B#I = BY2.

A second application of Theorem [Tl gives similarly A%* < B3/ The procedure can
be continued to cover all dyadic rational powers. Arbitrary ¢ € [0, 1] can be the limit of
dyadic numbers. ([

Theorem 7.3 The geometric mean of matrices is jointly concave, that is,

Ay +As  As+ Ay AH#A + As#HA,
;g 2 2 '

Proof: The block matrices

{ A Al#A2] and { As As#A4]
Al#Ag A2 A4#A3 A4

are positive and so is there arithmetic mean,

{ %(Al + A3) %(AI#A2 + A3#A4)}

S(A1# A + As#Ay) 5(As + Ay) ‘

Therefore the off-diagonal entry is smaller than the geometric mean of the diagonal
entries. U

The next theorem of Ando [4] is the generalization of Example [[Il For the sake of
simplicity the formulation is in block-matrices.
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Theorem 7.4 The geometric mean of the orthogonal projection

I 0
P=lo 0]
and the positive invertible matrix
Ry R12}
R =
|:R21 Rao

18
(Ry — R12R2_21R21)_1/2 0
0 0|’

or P#R = (PR™'P)~"/2
Proof: We have already P and R in block-matrix form. Due to (7.6) we are looking

for matrices
X Xio
X =
{Xm X22}

such that

I 0 X Xp
[P X} 0 0 X Xo

X R - X11 X12 Rll R12

X21 X22 R21 R22

should be positive. From the positivity X5 = X9; = X9 = 0 follows and the necessary
and sufficient condition is

] O X11 0 -1 Xll O
o o)z [ ol 3

I> Xn(R_l)an-

or

It was shown at the beginning of the section that this is equivalent to

X1 < ((R_l)ll) o

The inverse of a block-matrix is described in (6.4]) and the proof is complete. O]

7.3 Geometric mean for more matrices

The arithmetic mean is simpler, than the geometric mean: for (positive) matrices A and
B it is
A+ At .t A,

A(Al,AQ,...,An) : "

Only the linear structure plays role. The arithmetic mean is a good example to show
how to move from the means of two variables to three variables.
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Suppose we have a device which can compute the mean of two matrices. How to
compute the mean of three? Assume that we aim to obtain the mean of A, B and C.
We can make a new device

W: (A B,C)— (A(A B),A(A C),A(B,()) (7.8)
which applied to (A, B,C) many times gives the mean of A, B and C"
W™A,B,C)— A(A,B,C) as n— oc. (7.9)
Indeed, W™(A, B, C) is a convex combination of A, B and C,
W™A, B,C) = (An, Ba, Cy) = A" A+ A\ B+ AW

One can compute the coefficients )\En) explicitly and show that )\Z(-") — 1/3. The idea is
shown by a picture and will be extended to the geometric mean.

B

&

A Cy

A By C
Figure 7.1: The triangles Ay, A; and As.

Theorem 7.5 Let A, B,C € M, be positive definite matrices and set a recursion as
A0:A7 BOZBv COZCa

An—i—l = An#Bn> Bn+1 = An#Cna Cn-l—l - Bn#Cn

Then the limits
G;(A,B,C):=1lim A, =lim B, =1lim C, (7.10)

exist.

Proof: First we assume that A < B < C.
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From the monotonicity property of the geometric mean, see Theorem [LI, we ob-
tain that A, < B, < C,. It follows that the sequence (A,) is increasing and (C,,) is
decreasing. Therefore, the limits

L:=1Ilim A, and U= lim C,

n—o0 n—o0

exist. We claim that L =U.
Assume that L # U. By continuity, B,, — L#U =: M, where L < M < U. Since

Bn#Cn = Cn+1>

the limit n — oo gives M#U = U, therefore M = U. This contradicts to M # U.

The general case can be reduced to the case of ordered triplet. If A, B, C are arbitrary,
we can find numbers A and p such that A < AB < pC and use the formula

(aX)#(BY) = V aB(X#Y) (7.11)
for positive numbers o and [.
Let
A=A, B} = \B, C] = uC,
and

A;H = A;#B;m B1/1+1 = A;L#C’;N C;z+1 = B;L#C;L-

It is clear that for the numbers
a:=1, b:=A\ and c:=p
the recursion provides a convergent sequence (a,, by, c,) of triplets.
()3 = 1i1£n ay, = 1i1£n b, = li1£n Ch.-

Since

A, =A Ja,, B, = Bl /b, and C,=0Cl/c,

due to property (.I1) of the geometric mean, the limits stated in the theorem must
exist and equal G(A’, B, C")/(Au)'/3. O

The geometric mean of the positive definite matrices A, B,C' € M,, is defined as
G;3(A, B,C) in (ZI0). Explicit formula is not known and the same procedure can be
used to make definition of the geometric mean of n matrices.

7.4 Notes and remarks

The geometric mean of operators first appeared in the paper of Wieslaw Pusz and
Stanislav L. Woronowicz (Functional calculus for sesquilinear forms and the purifica-
tion map, Rep. Math. Phys., (1975), 159-170.) and the detailed study was in the paper
Tsuyoshi Ando and Fumio Kubo [31]. The geometric mean for more matrices is from
the paper [5]. A popularization of the subject is the paper Rajendra Bhatia and John
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Holbrook: Noncommutative geometric means. Math. Intelligencer 28(2006), no. 1,
32-39.

Lajos Molnar proved that if a bijection o : MIt — M preserves the geometric mean,
then for n > 2 a(A) = SAS™! for a linear or conjugate linear mapping S (Maps pre-
serving the geometric mean of positive operators. Proc. Amer. Math. Soc. 137(2009),
1763-1770.)

7.5 Exercises

1. Show that for positive invertible matrices A and B the inequalities

hold. (Hint: Reduce the general case to A = 1.)

2. Show that

1l teAT =BT
A#B = — /0 iy dt.

3. Let A, B > 0. Show that A#B = A implies A = B.
4. Let A > 0 and P be a projection of rank 1. Show that A#P = vTr APP.

5. Argue that the natural map

logA+logB>

(A, B) — exp ( 5
would not be a good definition for geometric mean.

6. Let A and B be positive matrices and assume that there is a unitary U such that
AY2UBY? > 0. Show that A#B = AY2UBY?.

7. Let A and B be positive definite matrices. Set Ay := A, By := B and define

recurrently
A,_1+ B,_
An = % and Bn = Q(A;il + B;_ll)_l (n = 17 27 - )
Show that
lim A, = lim B, = A#B.
n— oo n—oo
8. Show that

Det (A#B) = vV Det A Det B.

9. Assume that A and B are invertible positive matrices. Show that

(A#B)™' = A7'4#B 1.



88

10.

11.

12.

13.

14.

15.
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Let

0= ) e a1

Show that A > B > 0 and for p > 1 the inequality A? > BP? does not hold.

Show that
Det (G(A,B, C)) - (Det ADet BDet 0) v

Show that
G(ad, 8B,7C) = (afy)*G(A, B, C)

for positive numbers «, 3, .
Show that Al 2 AQ, Bl Z BQ, Cl Z 02 1mply

G(A1, B, Cy) > G(Az, By, Cs).

Show that
G(A,B,C) = G(A_l,B_l, C’_l)_l.

Show that

3(A'+B '+ C ) < G(A,B,C) < %(A+B+C).
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Convexity

Convex sets are subsets of linear spaces. Number-valued convex functions defined on an
interval are treated in analysis. Here the functionals are typically matrix-valued or they
are defined on a subset of matrices. Convexity is defined by inequalities and it has many
applications in different areas.

8.1 Convex sets

Let V' be a vector space (over the real numbers). If u,v € V, then they are called the
endpoints of the line-segment

[u,v] :={du+(1—=XNv: AeR, 0< A< 1}

A subset A C V' is convex if for u,v € A the line-segment [u, v] is contained in A. It is
easy to check that a set A C V' is convex if and only if

Zn: )\ivi € .A
i=1

for every finite subset {v1,vs,...,v,} C A and for every family of real positive numbers
A1, A2y ooy Ay with sum 1, )7 i A; = 1. The intersection of convex sets is a convex set.

Example 8.1 Let V be a vector space and || -|| : V' — R* be a norm. Then
{veV || <1}
is a convex set. Indeed, if ||u|[,||v]] < 1, then
[Au 4 (1= Mol < [Aull + (1= Aol| = Mull + (1 = Mol < 1.
U

Example 8.2 In the vector space M, the self-adjoint matrices and the positive matrices
form a convex set. Let (a,b) be a real intervall. Then

{AeM* : o(A) C (a,b)}

is a convex set. This follows from the fact that o(A) C (a,b) is equivalent to the property
al, <A <bl,. O
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Example 8.3 Set
Sp={DeM)?*: D>0 and TrD =1}.

This is a convex set, in quantum theory it is called state space.
If n = 2, then a popular parametrization of the matrices in S, is
T 1—=X3 A —iX 1

2 )\1_'_1)\2 1_)\3 :§(I+)\10'1+)\20'2+)\30'3),

where 01, 09, 03 are the Pauli matrices, see (2.I1), and the necessary and sufficient con-
dition to be in &y is
M4+ +A <L

This shows that the convex set S, can be viewed as the unit ball in R3. If n > 2, then
the geometric picture of S, is not so clear. O

If A is a subset of the vectorspace V', then its convex hull is the smallest convex set
containg A, it is denoted by co A.

COA:{Z)\iUi3'UieAa)‘iZOa1§i§naz)\i:1>n€N}'

i=1 =1

Let A C V be a convex set. The vector v € A is an extreme point of A if the
conditions
v,u€A 0<A<l, A+ (1—=Nuy=w
imply that vy = vy = v.
In the convex set Sy the extreme points corresponds to the parameters satisfying

N4+ A+ A2 =1. (If Sy is viewed as a ball in R, then the extreme points are in the
boundary of the ball.)

8.2 Convex functionals

Let J C R be an interval. A function f: J — R is said to be convex if

flta+ (1 —1)b) <tf(a)+ (1 —1)f(b) (8.1)

for all a,b € J and 0 < ¢t < 1. This inequality is equivalent to the positivity of the
second divided difference

(0 (0 /(0
flobd = To—at-9  e-ae-

(a—0b)(a—c) (b b—
) — f(a)
- ) (8.2)

—a)(
1 (f(C) —fla) _ fb

c—b c—a

for every different a,b,c € J. If f € C?(J), then for z € J we have

lim fla,b,c] = f"(x).

a,b,c—x
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Hence the convexity is equivalent to the positivity of the second derivative. For a convex
function f the Jensen inequality

f(th'az) < Ztif(a'i) (8.3)

holds whenever a; € J and for real numbers ¢, > 0 and ) .¢; = 1. This inequality has
an integral form

f( [ ot du(x)) < [ 7o9te)duto) (8.4

For a discrete measure p this is exactly the Jensen inequality, but it holds for any
normalized (=probabilistic) measure x and for a bounded function g.

Definition (8.]) makes sense if J is a convex subset of a vector space and f is a real
functional defined on it. So let V' be a finite dimensional vector space and A C V be a
convex subset. The functional F': A — R U {400} is called convex if

FOx+ (1= Ny) < AF(2) + (1 - N EF(y) (8.5)

for every z,y € A and real number 0 < A < 1. Let [u,v] C A be a line-segment and
define the function
F[um]()\) = F()\u + (1 — )\)U)
on the interval [0,1]. F is convex if and only if all function Fj, ) : [0,1] — R are convex
when u,v € A.
Convexity makes sense if the functional F' is matrix-valued. If F' : A — M, (C)*,

then (8.H) defines convexity. For a continuous function the convexity (8.5) follows from
the particular case

F F
2 2
A functional F' is concave if —F is convex.
Example 8.4 We show that the functional
A logTre?
is convex on the self-adjoint matrices, cf. Example
The statement is equivalent to the convexity of the function
f(t) = log Tr (eA115) (t € R) (8.7)

for every A, B € M?*. To show this we prove that f”(0) > 0. It follows from Theorem
(.8 that

TI6A+tBB
f,(): A+tB
Tr edt

In the computation of the second derivative we use the identity

1
AHB :eA+t/ A Be(1—u)(A+HB) gy, (8.8)
0
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In order to write f”(0) in a convenient form we introduce the inner product
1
(X,Y)po = / TretA X =94y dt. (8.9)
0

(This is frequently termed Bogoliubov inner product.) Now

" _ <]7[>Bo<Bv B)Bo _ <]v B>2Bo
0= (Tx A2

which is positive due to the Schwarz inequality. O

Let V be a finite dimensional vector space with dual V*. Assume that the duality
is given by a bilinear pairing (-, -). For a convex function F' : V — R U {+o0} the
conjugate convex function F*: V* — RU {+oc0} is given by the formula

F*(v*) = sup{(v,v*) — F(v) : v e V}.

F* is sometimes called the Legendre transform of F'. F* is the supremum of continuous
linear functionals, therefore it is convex and lower semi-continuous. The following result
is basic in convex analysis.

Theorem 8.1 If F : V. — R U {400} is a lower semi-continuous convexr functional,
then F** = F.

Example 8.5 The negative von Neumann entropy —S(D) = —Trn(D) = Tr Dlog D is
continuous and convex on the density matrices. Let

F(X):{TerogX if X>0and Tr X =1,

+00 otherwise.

This is a lower semicontinuous convex functional on the linear space of all self-adjoint
matrices. The duality is (X, H) = Tr X H. The conjugate functional is

F*(H) sup{Tr XH — F(X) : X € M*}
= —inf{-Tr XH -S(D) : DeM?* D>0,TrD=1}.

According to Example [5.12 the minimizer is D = e /Tr e, therefore
F*(H) =logTre”.
This is a continuous convex function of H € M. O

Example 8.6 Fix a density matrix p = ¢! and consider the functional F

F(X) = Tr X(logX —H) ifX>0and TrX =1
| 4o otherwise.

defined on self-adjoint matrices. F' is essentially the relative entropy with respect to
D: S(X||D) :=Tr X(log X —log D).
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The duality is (X, B) = Tr XB if X and B are self-adjoint matrices. We want to
show that the functional B + log Tref/*8 is the Legendre transform or the conjugate
function of F:

log Tr e = max{Tr XB — S(X|e”) : X is positive, Tr X = 1}. (8.10)
Introduce the notation
f(X)=TrXB — S(X|le")

for a density matrix X. When Py, ..., P, are projections of rank one with > P, = I,
we write

f(zn: A,-B) _ i(xm BB+ \NTr PH — \log \i)
=1

i—1
where A\; >0, > A\; = 1. Since

aiif (é A )

we see that f(X) attains its maximum at a positive matrix Xy, Tr Xy = 1. Then for any
self-adjoint Z, Tr Z = 0, we have

—= +OO s
Ai=0

OZ%f(XOthZ) =Tr Z(B+ H —log Xy),

t=0

so that B + H —log Xy = cI with ¢ € R. Therefore Xy = BT /TreBHH and f(X,) =
log Tr B+ by simple computation.

On the other hand, if X is positive invertible with Tr X = 1, then
S(X||e") = max{Tr XB — log Tre?’™® : B is self-adjoint} (8.11)
due to the duality theorem. O

Theorem 8.2 Let o : M,, = M,, be a positive unital linear mapping and f : R — R
be a convex function. Then

Tr f(a(A4)) < Tra(f(A))
for every A € M.

Proof: Take the spectral decompositions
A= Z I/ij and Oé(A) = Z:U’ZPZ
j i

So we have
pi =Tr ((A)P)/Te P, => vTr (a(Q))P)/Tx P,
J
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whereas the convexity of f yields

Fls) < 37 S 03)Tr (alQ) P T .

Therefore,

Tr f(« Zf,uZTrP <Zfl/j Tr (a(Q;)P;) = Tra(f(A)),

which was to be proven. O]

It was stated in Theorem 5. 10 that for a convex function f : («, 5) — R, the functional
A+ Tr f(A) is convex. It is rather surprising that in the convexity of this functional
the number coefficient 0 < ¢ < 1 can be replaced by a matrix.

Theorem 8.3 Let f: (o, ) = R be a convez function and C;, A; € M, be such that
k
o(A) C(a,8)  and > CCr=1.

Then

k k
Tr f (Z CZ-AZ-CZ?*> < Z Tr Cif (A

i=1
Proof: We prove only the case
Tr f(CAC* + DBD*) < TrCf(A)C*+Tr Df(B)D

when CC* + DD* = I. (The more general version can be treated similarly.)
Set F' := CAC* + DBD* and consider the spectral decomposition of A and B as

integrals:
X = ZMXPX / AEX(N)

where uX are eigenvalues, P are eigenprojections and the measure EX is defined on

the Borel subsets S of R as

=Y (P :presy,

X =AB.
Assume that A, B,C, D € M, and for {£ € R" we define a measure :

pe(S) = ((CEA(S)C™ + DEP(S)D")¢, €) = (E(S)C™E, C*¢) + ((B4(S)D*¢, D).

The reason of the definition of this measure is the formula

(FE,€) = / Adie(V).

If € is a unit eigenvector of F' (and f(F')), then

(f(CAC* + DBD)¢.€) = (f(F)§,§>=f(<F§,§>):f(/Adua(k))
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< / F(N)de(N)
= {(C*F(A)C + D*F(B)D)E.€).

The statement follows if the inequalities for an orthonormal basis of eigenvectors of F
are summarized. U

Example 8.7 The log function is concave. If A € M, is positive and the we set the
projections P; := FE(ii), then from the previous theorem we have

Trlog Y  PAP > ) Tr Pi(log A)P;.

i1 i=1
This means

Z log A;; > Tr log A
i=1
and the exponential is

H Ai; > exp(Tr log A) = Det A.
i=1
This is the well-known Hadamard inequality for the determinant. U

When F(A, B) is a real valued function of two matrix variables, then F' is called
jointly concave if

FA\A;+ (1 = N)Ag, AB1 + (1 = \)By) > AF (A1, By) + (1 — M\)F(Ag, By)
for 0 < A < 1. The function F(A, B) is jointly concave if and only if the function
A® B~ F(A,B)

is concave. In this way the joint convexity and concavity are conveniently studied.

The geometric mean of positive matrices is jointly concave, see Theorem[7.3l A similar
proof gives the following example.

Example 8.8 Assume that X, B € M,(C) and B is positive invertible. Then
(X,B) s X*B'X

is jointly convex. This means that

* —1
<X1+X2) (Bl+B2) (*L;Xz) <%(XTBI1X1+X§BQ_1X2)~

2 2

In the proof we use the block matrix method, see Theorem 6.1l We have

{ B; X;

So is their sum:
> ()

11 B+ B, X1+ X,
2 | Xr+ X3 X:Bi'X, + X3By'X,

This implies our statement due to the positivity theorem. O
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8.3 Matrix convex functions

Let J C R be an interval. A function f:.J — R is said to be matrix convex if
F(EA T (1~ £)B) < tf(A) + (1 — 1) f(B) (8.12)

for all self-adjoint matrices A and B whose spectra are in J and for all numbers 0 < ¢ < 1.
Actually in case of a continuous function f it is enough to have the inequality for ¢t = 1/2.
We can say that a function f is matrix convex if the functional A — f(A) is convex. f
is matrix concave if —f is matrix convex.

Example 8.9 The function f(¢) = t? is matrix convex on the whole real line. This
follows from the obvious inequality
A+B\ _ A+ B
2 - 2

O

Example 8.10 The function f(z) = (x +¢)~! is matrix convex on [0, 00) when ¢ > 0.
It is enough to show that

A+B\' Al4+ B!
( i ) <4 *5 (8.13)

2 2
which is equivalent with
(B‘1/2AB‘1/2 + I) L (BTV2ABT2)T 4
< .
2 - 2

This holds, since
X+I\"' X141
- - < T2
2 - 2
is true for an invertible matrix X > 0.

Note that the inequality (8.13)) is equivalent to the relation of arithmetic and harmonic
means. 0]

The classical result is about matrix convex functions on the interval (—1,1). They
have the integral decomposition
1

f(x) = Po+ frz + %52/ 23 (1 — ax) tdu(a), (8.14)

-1

where 4 is a probability measure and f, > 0. (In particular, f must be an analytic
function.) An integral representation is used also in the next example.

Example 8.11 The function f(x) = z' is matrix concave on [0,00) when 0 < t < 1.
The integral representation

ot [
g soT / (1 —s(z+ S)_1) st s
0

™

is used. It follows from Example 8. I0 that 1 — s(z +s)~'s'~! is matrix concave, therefore
the integral is matrix concave as well. 0
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Since self-adjoint operators may be approximated by self-adjoint matrices, (812]) holds
for operators when it holds for matrices. The point in the next theorem that in the convex
combination tA + (1 — t) B the numbers ¢ and 1 — ¢ can be replaced by matrices.

Theorem 8.4 Let f : (o, ) — R be a matriz convez function and C;, A; = AF € M, be
such that

k
o(A) C(a,8)  and > CCP =1
=1

Then i i
f (Z CiAiCi*> < Z Cif(4)C7 . (8.15)

i=1
Proof: The essential idea is in the case
f(CAC*+ DBD*) < Cf(A)C*+ Df(B)D",

when CC* + DD* = I.
The condition C'C* + DD* = [ implies that we can find a unitary block matrix

o[ 7]

when the entries X and Y are chosen properly. Then

U A 0 U — CAC*+DBD* CAX*+ DBY*
0 B | XAC*+YBD* XAX*+YBY*

It is easy to check that

1V [All A12:| V"—% [All A12:| — |:A11 0 :|

27 | Ay Ay Ay Ay 0 Ay
for
-1 0
V= [ ) 1} |
It follows that the matrix
1 A 0 . 1 A 0 "
Z.—§VU[0 B}UV—I—QU{O B}U

is diagonal, Z;; = CAC* + DBD* and f(Z)1 = f(CAC* + DBD*).

Next we use the matrix convexity of the function f:
1 A 0], 1 A 0], .
f(Z2) < §f<VU[O B}UV)vLif(U{O B}U)
1 A 0 . 1 A 0 X
- svor([o 5))eveaer (o 5))v

- [ e [ ]
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The right-hand-side is diagonal with C'f(A)C*+Df(B)D* as (1,1) element. The inequal-
ity implies the inequality between the (1,1) elements and this is exactly the inequality
(E15). 0

In the proof of (8IH]) for nxn matrices, the ordinary convexity was used for (2n)x (2n)
matrices. This is an important trick. The theorem is due to Hansen and Pedersen [20].

Corollary 8.1 Let f be an matriz convex function on an interval J such that 0 € J. If
IVI| <1 and f(0) <0, then
FVFAV) < V*f(A)V (8.16)

if the spectrum of A = A* lies in J.
Proof: Choose B =0 and W such that V*V 4+ W*W = [. Then
fVAV + W*BW) < V*f(A)V + W*f(B)W
holds and gives our statement. 0

Example 8.12 From the previous corollary we can deduce that if f : RT — R is a
matrix convex function and f(0) < 0, then f(z)/x is matrix monotone on the interval
(0, 00).

Assume that 0 < A < B. Then B~'/2AY? =: V is a contraction, since

IVI? = VvVl = B~ AB™2| < ||B~2BB~ 2| = 1.
Therefore the corollary gives
F(A4) = F(V'BY) < V' [(B)V = AV B2 (B)B AV
which is equivalent to A™*f(A) < B7L1f(B). O

Example 8.13 Heuristically we can say that Theorem [8.4] replaces all the numbers in
the the Jensen inequality f(>_.tia;) < >, t;f(a;) by matrices. Therefore

f (Z aiAz) < Z flai)A; (8.17)

holds for a matrix convex function f if > . A; = I for the positive matrices 4; € M, and
for the numbers a; € (o, 3).

We want to show that the property (8.17) is equivalent to the matrix convexity
f#A+ (1 =1)B) <tf(A)+ (1 -t)f (D).

Let
A= E NP and B = E 14;Q;
( J

be the spectral decompositions. Then

S+ (1-1Q=1
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and from (BI7) we obtain

f(tA+(1-1)B) = f(zmmza—t)uj@j)
< Z FOP; + Z Flug) (1= 1)Q;
— Lf(A) + (- 0f(B).

This inequality was the aim. U

8.4 Notes and remarks

The integral representation (8.14]) was obtained by Julius Bendat and Seymur Sherman
[8]. Theorem B4lis from the paper of Frank Hansen and Gert G. Pedersen [20].

8.5 Exercises

1. Show that the extreme points of the set
S, ={DeM)?*: D>0 and TrD =1}.

are the orthogonal projections of trace 1. Show that for n > 2 not all points in the
boundary are extreme.

2. Let the block matrix

vli 2

B* C
be positive and f : R™ — R be a convex function. Show that

Tr f(M) > Tr f(A) + Tr f(C).

3. Show that for A, B € M’ the inequality

Tr Be#

log Tr A8 > log Tr e
og'lre > log'lre”™ + Tr oA

holds. (Hint: Use the function (8.17).)

4. Let the block matrix

[i 2

B* C

be positive and invertible. Show that

det M < det A-detC.
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5. Show that for A, B € M’>* the inequality
|log TreA™8 —log Tre?| < ||B||
holds. (Hint: Use the function (8.7).)

6. Is it true that the function

is matrix concave if a € (0,2)?

(8.18)

7. Let A be a positive invertible operator on a finite dimensional Hilbert space H and

¢ € H. Show that
(€, 4) = (¢, A7Y¢)

is jointly convex.



Chapter 9

Matrix monotone functions

Let J C R be an interval. A function f : J — R is said to be matrix monotone
for n x n matrices if f(A) < f(B) whenever A and B are self-adjoint n x n matrices,
A < B and their eigenvalues are in J. If a function is matrix monotone for every size n,
then it is called matrix monotone. (One can see by an approximation argument that if
a function is matrix monotone for every matrix size, then A < B implies f(A) < f(B)
also for operators of infinite dimensional Hilbert spaces.)

9.1 Examples

Example 9.1 Let ¢t > 0 be a parameter. The function f(z) = —(¢t + x)~! is matrix
monotone on [0, 00).

Let A and B positive matrices of the same order. Then A; :=t/+ A and B; .=t + B
are invertible, and

A, < B, & B Y?AB Y <T « ||B/Y?AB Y| <1 > ||A?B | < 1.

Since the adjoint preserves the operator norm, the latest condition is equivalent to
||B;1/2Ai/2|| < 1 which implies that B; ' < A;". O

Example 9.2 The function f(z) = logx is matrix monotone on (0, 00).

This follows from the formula

which is easy to verify. The integrand

1 1
M) =~ o

is matrix monotone according to the previous example. It follows that

n

Z Cift(i)(x)

1=1
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is matrix monotone for any #(i) and positive ¢; € R. The integral is the limit of such
functions, therefore it is a matrix monotone function as well.

There are several other ways to show the matrix monotonicity of the logarithm. [

Example 9.3 To show that the square root function is matrix monotone, consider the

function
F(t):=vA+tX
defined for ¢ € [0, 1] and for fixed positive matrices A and X. If F' is increasing, then
F0O)=VA<VA+X =F(1).
In order to show that F'is increasing, it is enough to see that the eigenvalues of F”(t)
are positive. Differentiating the equality F(¢)F(t) = A+ tX, we get

F()F(t) + F(t)F'(t) = X.

As the limit of self-adjoint matrices, F” is self-adjoint and let F'(t) = > . M;E; be its
spectral decomposition. (Of course, both the eigenvalues and the projections depend on
the value of ¢.) Then

Y N(EF(t)+ F(tE) = X

and after multiplication by £; from the left and from the right, we have for the trace

Since both traces are positive, A; must be positive as well.

Another approach is based on Theorem [[.Il Assume that A < B. Since I < I,
VA= A#I < B#I = v/B. Repeating this idea one can see that A* < Bt if 0 < t < 1 is
a dyadic rational number, k/2". O

The previous example contained an important idea. To decide about the matrix
monotonicity of a function f, one has to investigate the derivative of f(A + tX).

9.2 Characterization and properties

Theorem 9.1 A smooth function f : (a,b) — R is matriz monotone for n X n matrices
if and only if the divided difference matrix D € M, defined as

f(t) — f(t)) i t—t #0,
Dy = ti—t; (9.1)

is positive semi-definite for t1,ts, ..., t, € (a,b).

Proof: Let A be a self-adjoint and B be a positive semi-definite n x n matrix. When
f is matrix monotone, the function ¢t — f(A + tB) is increasing function of the real
variable t. Therefore, the derivative, which is a matrix, must be positive semi-definite.
To compute the derivative, we use formula (5.16]) of Theorem 5.9 The Schur theorem
implies that the derivative is positive if the divided difference matrix is positive.
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To show the converse, take a matrix B such that all entries are 1. Then positivity of
the derivative D o B = D is the positivity of D. 0J

The assumption about the smooth property in the previous theorem is not essential.
At the beginning of the theory Léwner proved that if the function f : (a,b) — R has the
property that A < B for A, B € M implies f(A) < f(B), then f must be a C'* function.

The previous theorem can be reformulated in terms of a positive definite kernel. The
divided difference
f@) )

U(z,y) = vy
f'(@) if =y
is a (a,b) X (a,b) — R kernel function. f is matrix monotone if and only if ¢ is a positive
definite kernel.

T Fy,

Example 9.4 The function f(z) := expx is not matrix monotone, since the divided

difference matrix
exXp T — expy

exp
r—Yy
expy — exp T
_— expy
y—x
does not have positive determinant (for z = 0 and for large y). 0J

Theorem 9.2 (Lowner theorem) Matriz monotone functions on Rt have a special
integral representation

f(x)zf(0)+5x+/oo A

i o (9-2)

where p is a measure such that

<A
——du(\
A 7 )
s finite and B > 0.

Since the integrand
A\x A2

— A —
A2 A2
is a matrix monotone function of z, see Example [0.1] one part of the Lowner theorem is
straightforward. It follows from the theorem that a matrix monotone function is matrix
concave.

Theorem 9.3 If f : R™ — R is matriz monotone, then xf(z) is matriz conver.

Proof: Let A > 0. First we check the function f(x) = —(x + \)~'. Then

T A

= — :—1
vf (@) At x +)\—|—x

and it is well-known that z — (z + A\)~! is matrix convex.

For a general matrix monotone f, we use the integral decomposition ([@.2]) and the
statement follows from the previous special case. O
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Theorem 9.4 If f: (0,00) — (0,00), then the following conditions are equivalent:

(1) f is matriz monotone;
(2) z/f(x) is matriz monotone;

(3) [ is matriz concave.

Proof: For € > 0 the functionf.(x) := f(x + ¢) is defined on [0, 00). If the statement
is proved for this function, then the limit ¢ — 0 gives the result. So we assume f :
[0,00) = (0, 00).

Recall that (1) = (3) was already remarked above.

The implication (3) = (2) is based on Example BI2l It says that —f(z)/x is matrix
monotone. Therefore x/f(x) is matrix monotone as well.

(2) = (1): z/f(x) is matrix monotone on [0,00), then it follows from the Lowvner
representation that divided by z we have

B [T A
x+A du(A),

Atz

This multiplied with —1 is the matrix monotone —1/f(x). Therefore f(x) is matrix
monotone as well. O

It was proved that the matrix monotonicity is equivalent to the positive definiteness
of the divided difference kernel. Concavity has somewhat similar property.

Theorem 9.5 Let f : [0,00) — [0,00) be a smooth function. If the divided difference
kernel function is conditionally negative definite, then f is matrix convex.

Proof: The Example .14 and Theorem 0.1 give that g(z) = 2/ f(x) is matrix mono-
tone. Then z/g(x) = f(x)/x matrix monotone due to Theorem 0.4 Multiplying by x
we get a matrix convex function, Theorem [@0.3 O

It is not always easy to decide if a function is matrix monotone. An efficient method
is based on holomorphic extension. The set C; := {a +ib: a,b € R and b > 0} is
called upper half-plain. A function Rt — R is matrix monotone if and only if it has
a holomorphic extension to the upper half-plain such that its range is in the closure of
C; [1I]. (Such functions are studied in the next section.) It is surprising that a matrix
monotone function is very smooth and connected with functions of a complex variable.

Example 9.5 The representation

. osinwt [P Nl
= dA\ .
v ™ /0 A (9:3)

shows that f(z) = 2’ is matrix monotone when 0 < ¢ < 1. In other words,
0<A<B imply A'< B,

which is often called Lowner-Heinz inequality.
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We can arrive at the same conclusion by holomorphic extension. If
a+1ib = Re¥' with 0 <p<m,

then a + ib — R e is holomorphic and it maps C_ into itself when 0 < ¢ < 1. This
shows that f(x) = 2! is matrix monotone for these values of the parameter but not for
any other value. 0

Example 9.6 Let
(z—1)

pop e 18 (9.4)

fo(x) = p(1 —p) (
The integral representation

1 sinpr [ - 13 1 1
fple) — m /0 A /Od /0 dtg:((l—t)/\+(1_3))+(u+s)v (9.5)

shows that 1/ f, is matrix monotone decreasing when 0 < p < 1, since so is the integrand
as a function of all variables. It follows that f,(z) is matrix monotone. O

Theorem 9.6 A function f : [0,00) — [0,00) is matriz monotone decreasing if and
only if

f(x) = a+/0°0 L

with a constant o > 0 and a Borel measure p such that the integrals

o 1 <A
/0 mdu()\) and/o mdu(k)

are finite.

9.3 Matrix means

The means of numbers is a popular subject. If we move from 1 x 1 matrices to n X
n matrices, then the arithmetic mean does not require any theory. Historically the
harmonic mean was the first essential subject for matrices.

Example 9.7 It is well-known in electricity that if two resistors with resistance a and
b are connected parallelly, the the total resistance g is the solution of the equation

111
g a b
Then ;
—(qlpp 1o
¢=(a" 467 a+b

is the harmonic mean up to a factor 2. More generally, one can consider n-point network,
where the voltage and current vectors are connected by a positive matrix. The parallel
sum

A:B=(A"+B")"!
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iy
L=

" — ——O—

o— o

: B
o O — o
o 2
. 7 .
L S —— o

oA

Upper part: An n-point network with the input and output voltage vectors. Below: Two
parallelly connected networks

of two positive definite matrices represents the combined resistance of two n-port net-
works connected in parallel.

One can check that
A:B:A—A(A+B)_1A.

Therefore A : B is the Schur complement of A 4+ B in the block matrix

A A
A A+BY|’
see Theorem [6.4]. 0

On the basis of the previous example, the harmonic mean of the positive definite
matrices A and B is defined as

H(A,B) :=2(A"'+B™H™1. (9.6)

Matrix monotone functions on R* may be used to define positive matrix means.
A theory of means of positive matrices was developed by Kubo and Ando [31]. Their
theory has many interesting applications. Here we do not go into the details concerning
matrix means but we do confine ourselves to the essentials. Matrix means are binary
operations on matrices, they satisfy the following conditions.
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1) M(A, A) = A for every A,

2) M(A,B) = M(B, A) for every A and B,

(1)

(2)

(3) if A< B, then A < M(A, B) < B,

(4) it A< A" and B < B, then M(A, B) < M(A", B'),
()

5) M is continuous.

Note that the above conditions are not independent, (1) and (4) imply (3).

An important further requirement is the transformer inequality:
(6) CM(A,B)C* < M(CAC*,CBC*)

for all not necessary self-adjoint operator C'.

The key issue of the theory is that operator means are in a 1-to-1 correspondence with
operator monotone functions satisfying conditions f(1) = 1 and tf(t*) = f(t). Given
an operator monotone function f, the corresponding mean is

My (A, B) = AV2f(A72BATY/2) AY2 (9.7)

when A is invertible. (When A is not invertible, take a sequence A,, of invertible operators
approximating A and let M(A, B) = lim, M;(A,, B).) It follows from the definition
(@17) of means that

if f <g, then M;(A, B) < M,(A, B). (9.8)

An important example is the geometric mean
A#B = AV2(ATV2BAY2)2 4172 (9.9)

which corresponds to f(x) = y/z. The geometric mean A#B is the unique positive
solution of the equation

XA'X =8 (9.10)
and therefore (A#B)™! = A~'#B~1.

The matrix monotone function f : RT™ — R will be called standard if f(1) = 1 and
tf(t7') = f(t). Standard functions are used to define matrix means in ([@.7). For the
harmonic mean (0.6) the function is

2 9
L 9

f@) = 7 =271

which is matrix monotone and standard.

Example 9.8 The function
r—1

fx) =

1s matrix monotone due to the formula

/lxtdt:—:ﬂ_l
0 logz

log
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The standard property is obvious. The matrix mean induced by the function f(x) is
called logarithmic mean. The logarithmic mean of the positive operators A and B is

denoted by L(A, B).
From the inequality

r—1 1 1/2 1/2
:/1fdﬁ:/ (ﬁ+kaﬁ;i/ 2 dt =+/x
0 0 0

log x

of the real functions we have the matrix inequality
A#B < L(A, B).
It can be proved similarly that L(A, B) < (A+ B)/2. O

Example 9.9 Let A, B € M, be positive definite matrices and M be a matrix mean.
The block-matrix

M(A,B) B
is positive if and only if M (A, B) < A#B. Similarly,

lM(ﬁ?-w M(g’f)_l}

if and only M(A, B) > A#B.
If Ay, Ao, ..., A\, are positive numbers, then the matrix A € M, defined as

{ A M(A,B)}

> 0.

1
A= —
T LN
is positive for n = 2 according to the above argument. However, this is true for every n
due to the formula
Lo / R S (9.11)
Lizy) Jo (@+0)y+t) '
From the harmonic mean we obtain the mean matrix
20\
Bi' - 1 .
D YEDY

This is positive, since the Hadamard product of two positive matrices, one of them is
the Cauchy matrix.

There are many examples of positive mean matrices, but the precise condition is not
known. ([l

Example 9.10 The Heinz mean

.fll'tyl_t + .fll'l_tyt

2

approximates between the geometric and arithmetic means. The corresponding standard
function

Ht(xv y) =

0<t<1) (9.12)

b + 2t

fi(x) = 5

is obviously matrix monotone. Therefore we can regard it as a matrix mean. ([l
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Theorem 9.7 If f : RT — RT is a standard matriz monotone function, then

2z z+1
< < .
x+1_f($)_ 2

It follows from this theorem that the harmonic mean is the smallest and the arithmetic
mean is the largest mean for matrices.

Theorem 9.8 Let f : Rt — RY be a standard matriz monotone function. Then f
admits a canonical representation

1+t AZ-1 142

f(@) _BWeXp 0o 241 (A+0)(1+ At

where h : [0, 1] — [0, 1] is a measurable function and the real constant § satisfies f(1) = 1.

h(\) dA (9.13)

Example 9.11 Since the integrand is negative h(A) = 1 gives the smallest function.
From the integral

/1>\2—1 1+ 2 2
0

. A=log ——
N4+1 A+ +A) o8 (1+1)?

we can move to constant case h(\) =~ € [0, 1] and we have

1+t 2t T i 1-2
o) = 5 ((1+t)2) _ (1 4y

This is a kind of interpolation between the arithmetic mean and the harmonic mean.
~v = 1/2 gives the geometric mean and

xy? + 2%y 1/3
m1/3(93,y): 9

is between the arithmetic and geometric means. O

The integral representation (@.5) is not optimal. Hansen’s canonical representa-
tion is true for any standard matrix monotone function [21].

Theorem 9.9 If f : RT™ — R" be a standard matriz monotone function, then

1 "T+X/ 1 1
WZ/O 2 <t+>\+1+t)\)du()\)’ (9:14)

where p is a probability measure on [0, 1].

Theorem 9.10 Let f: RT — R be a standard matriz monotone function. Then

fa) =5 ((:c 1) (r—1) %) (9.15)

1s standard matriz monotone as well.
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9.4 (Quasi-entropies

In the mathematical formalism of quantum mechanics, instead of n-tuples of numbers one
works with n X n complex matrices. They form an algebra and this allows an algebraic
approach. In this approach, a probability density is replaced by a positive matrix of
trace 1 which is called density matrix. The eigenvalues of a density matrix give a
probability density.
For positive definite matrices Dy, Dy € M,,, for A € M, and a function f : RT — R,
the quasi-entropy is defined as
SHDIID:) == (ADY”, f(A(D1/D,))(ADy))
Tv Dy/2A* f(A(D:/ Do) (ADy?), (9.16)

where (B, C') := Tr B*C'is the so-called Hilbert-Schmidt inner product and A(D; /D) :
M,, — M, is a linear mapping acting on matrices:

A(Dl/Dg)A == DlAD2_1

This concept was introduced by Petz in [43] [45].

If we set
Lp(X)=DX, Rp(X)=XD and J£17D2 = f(LDl]RBi)]RDw (9.17)
then the quasi-entropy has the form
S7(D1]| D2) = (A, 3h, p,A) (9.18)
It is clear from the definition that
S7(ADy||AD3) = AS7(Dy | D)

for positive number .

Let a : M,, — M, be a mapping between two matrix algebras. The dual a* : M, —
M,, with respect to the Hilbert-Schmidt inner product is positive if and only if « is
positive. Moreover, « is unital if and only if o* is trace preserving. « : M,, — M,, is
called a Schwarz mapping if

a(B*B) > a(B*)a(B) (9.19)

for every B € ML,.

The quasi-entropies are monotone and jointly convex.

Theorem 9.1 Assume that f : Rt — R is a matriz monotone function with f(0) > 0
and o : M,, — M, is a unital Schwarz mapping. Then

St (Dy)|a*(Dy)) = S§ (D1 Dy) (9.20)

holds for A € M, and for invertible density matrices Dy and Do from the matriz algebra
M,,.
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Proof: The proof is based on inequalities for matrix monotone and matrix concave
functions. First note that

Stie(@"(D)lla”(D2)) = 87 (a”(Dy)]|a*(D2)) + ¢ Tr Dia(A™A))

and
S742 (D1} D) = 57 (D1 Dy) + ¢ T Di(a(A)*a(A)
for a positive constant ¢. Due to the Schwarz inequality (@I9), we may assume that
f(0) = 0.
Let A := A(D;/Ds) and Ay := A(a*(D;)/a*(D2)). The operator

VXa* (D)2 =a(X)DY? (X € M) (9.21)
1S a contraction:

la(X)Dy?|? = Tr Dy(a(X) (X))

< T Da(X°X) = Tra’ (Do) X°X = [ Xa* (D) 7|
since the Schwarz inequality is applicable to .. A similar simple computation gives that

VAV < A,. (9.22)

Since f is matrix monotone, we have f(Ag) > f(V*AV). Recall that f is matrix
concave, therefore f(V*AV) > V*f(A)V and we conclude

f(Ao) >V f(AV. (9.23)

Application to the vector Aa*(D;)'/? gives the statement. O

It is remarkable that for a multiplicative a we do not need the condition f(0) > 0.
Moreover, V*AV = Ay and we do not need the matrix monotonicity of the function f.
In this case the only required condition is the matrix concavity of f.

Now we apply the monotonicity ([@0.20) to an embedding a(X) = X & X of M, into
M, @ M,,. Then a*(X; & Xy) = X; + Xs. If we take the densities Dy = AE; @ (1 — \)Fy
and Dy = AEy @ (1 — \)F5, then we obtain the joint concavity of the quasi-entropy:

Corollary 9.1 If f : R™ — R is matriz concave, then
ASHE || E) + (1= N)SH (R F) < S (AEL+ (1 — M E) AR + (1 — \)F)
holds.

Example 9.12 The concept of quasi-entropy includes some important special cases. If
f(t) =t then

S#(Dy||D;) = Tr A*DYADy ™.
If 0 < @ <1, then f is matrix monotone. The joint concavity in (Dy, Ds) is the famous
Lieb’s concavity theorem [35].

If Dy and D, are different and A = I, then we have a kind of relative entropy. For
f(x) = zlogx we have Umegaki’s relative entropy S(D;||Ds) = Tr D;(log Dy — log D>).
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(If we want a matrix monotone function, then we can take f(z) = logz and then we
get S(Ds||D;).) Umegaki’s relative entropy is the most important example, therefore
the function f will be chosen to be matrix convex. This makes the probabilistic and
non-commutative situation compatible as one can see in the next argument.

Let
1

folz) = m(l — ).

This function is matrix monotone decreasing for v € (—1,1). (For o = 0, the limit is
taken and it is —logxz.) Then the relative entropies of degree « are produced:

_ b
a(l —a)

These quantities are essential in the quantum case. O]

Sa(D2||D1) = Tr (I - D?DEQ)DQ.

9.5 Notes and remarks

The matrix monotonicity of the function (9.4]) was recognized in [48], a proof for p €
[—1,2] is in the paper V.E. Sandor Szabd, A class of matrix monotone functions, Linear
Alg. Appl. 420(2007), 79-85.

The matrix means were defined by Fumio Kubo and Tsuyoshi Ando in [31]. Theorem
is also fro here. Different matrix means are in the book of Fumio Hiai and Hideki
Kosaki [23]. there are several examples of positive mean matrices in the paper Rajendra
Bhatia and Hideki Kosaki, Mean matrices and infinite divisibility, Linear Algebra Appl.
424(2007), 36-54. (Actually the positivity of matrices A;; = m(\;, A;)" are considered,
t>0.)

Theorem is from the paper F. Hansen, Characterization of symmetric monotone

metrics on the state space of quantum systems, Quantum Information and Computation
6(2006), 597-605.

Quasi-entropy was introduced by Dénes Petz in 1985, see the papers D. Petz, Quasi-
entropies for finite quantum systems, Rep. Math. Phys., 23(1986), 57-65 and D. Petz,
From f-divergence to quantum quasi-entropies and their use, Entropy 12(2010), 304-325.
This concept is the quantum generalization of the f-entropy of Imre Csiszar which is
used in classical information theory (and statistics) [16], see also the paper F. Liese and
I. Vajda, On divergences and informations in statistics and information theory, IEEE
Trans. Inform. Theory 52(2006), 4394-4412.

9.6 Exercises

1. Prove that the function x : Rt — R, k(z) = —zlogz + (z + 1) log(z + 1) is matrix
monotone.

2. Let f be a differentiable function on the interval (a, b) such that for some a < ¢ < b
the function f is matrix monotone for 2 x 2 matrices on the intervals (a,c] and
[c,b). Show that f is matrix monotone for 2 x 2 matrices on (a,b).
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. Show that the function

_aa:+b

fle) = cx+d

(a,b,c,d € R, ad)bc)

is matrix monotone on any interval which does not contain —d/c.

. Show that the canonical representing measure in (0.14) for the standard matrix

monotone function f(z) = (xr —1)/logx is the measure

2
du(N) = d.
. The function
it —1
log,(z) = T (x>0, a>0, a#1l) (9.24)

is called a-logarithmic function. Is it matrix monotone?

. Give an example of a matrix convex function such that the derivative is not matrix

monotone.

. Show that f(z) = tanz := sinz/cos z is in P, where cosz := (e’ + ¢7%*)/2 and

sin z := (e — e7%*) /2i.

. Show that f(z) = —1/zisin P.
. Show that for positive matrices A: B = A — A(A + B) 7' A.

Show that for positive matrices A : B < A.

Show that 0 < A < B imply A <2(A: B) < B.

Show that L(A, B) < (A+ B)/2.

Let A, B > 0. Show that if for a matrix mean M(A, B) = A, then A = B.

Let f,g : Rt — RT be matrix monotone functions. Show that their arithmetic
and geometric means are matrix monotone as well.

Show that the mean matrix )

v Ht()‘i’ )‘j)

defined by the Heinz mean is positive.

A



Chapter 10

Matrices in quantum theory

When quantum theory was developed in the 1920’s, it had a strong influence on functional
analysis. The quantum information theory appeared much later and the matrices are
very important in this subject.

10.1 Axioms

The basic postulate of quantum mechanics is about the Hilbert space formalism.
(A0) To each quantum mechanical system a complex Hilbert space H is associated.

The (pure) physical states of the system correspond to unit vectors of the Hilbert
space. This correspondence is not 1-1. When f; and fy are unit vectors, then the
corresponding states identical if f; = 2z f5 for a complex number 2z of modulus 1. Such z is
often called phase. The pure physical state of the system determines a corresponding
state vector up to a phase.

Example 10.1 The 2 dimensional Hilbert space C? is used to describe a 2-level quantum
system called qubit. The canonical basis vectors (1,0) and (0,1) are usually denoted
by | 1) and | {), respectively. (An alternative notation is |1) for (0,1) and |0) for (1,0).)
Since the polarization of a photon is an important example of a qubit, the state | 1)
may have the interpretation that the “polarization is vertical” and | |) means that the
“polarization is horizontal”.

To specify a state of a qubit we need to give a real number x; and a complex number
z such that z2 + |z|> = 1. Then the state vector is

[T +2[4).

(Indeed, multiplying a unit vector z; | 1) + 22| ) by an appropriate phase, we can make
the coefficient of | 1) real and the corresponding state remains the same.)

Splitting z into real and imaginary parts as z = x5 + irg, we have the constraint
x? + 22 + 22 = 1 for the parameters (z1, T2, z3) € R3.

Therefore, the space of all pure states of a qubit is conveniently visualized as the
sphere in the three dimensional Euclidean space, it is called the Bloch sphere. O]
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0.5

0.5

Bloch ball

A 2 x 2 density matrix has the form %(I + x101 + x209 + x303), where
23+ 23 +2% < 1. The length of the vectors (z1, 2, x3) is at most 1 and they
form the unit ball, called Bloch ball, in the three dimensional Euclidean
space. The pure states are on the surface.

Traditional quantum mechanics distinguishes between pure states and mixed states.
Mixed states are described by density matrices. A density matrix or statistical opera-
tor is a positive operator of trace 1 on the Hilbert space. This means that the space has
a basis consisting of eigenvectors of the statistical operator and the sum of eigenvalues is
1. (In the finite dimensional case the first condition is automatically fulfilled.) The pure
states represented by unit vectors of the Hilbert space are among the density matrices
under an appropriate identification. If z = |z) is a unit vector, then |z){x| is a den-
sity matrix. Geometrically |x)(z| is the orthogonal projection onto the linear subspace
generated by x. Note that |z)(z| = |y)(y| if the vectors = and y differ only in a phase.

(A1) The physical states of a quantum mechanical system are described by statistical
operators acting on the Hilbert space.

Example 10.2 A state of the spin (of 1/2) can be represented by the 2 x 2 matrix

1 14 T3 1 — i.’I?Q
5 1+ i.’I?Q 1-— T3 ’ (101)

This is a density matrix if and only if 2% + 23 + 23 < 1. 0J

The second axiom is about observables.

(A2) The observables of a quantum mechanical system are described by self-adjoint
operators acting on the Hilbert space.

A self-adjoint operator A on a Hilbert space H is a linear operator H — H which
satisfies

(Az, y) = (z, Ay)
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for z,y € H. Self-adjoint operators on a finite dimensional Hilbert space C" are n xn self-
adjoint matrices. A self-adjoint matrix admits a spectral decomposition A =, \, E;,
where \; are the different eigenvalues of A and E; is the orthogonal projection onto the
subspace spanned by the eigenvectors corresponding to the eigenvalue A;. Multiplicity
of \; is exactly the rank of E;.

Example 10.3 In case of a quantum spin (of 1/2) the matrices

101 10 =i 110
Tl o0) 2Tli o0 BTlo -1
are used to describe the spin of direction z,y, z (with respect to a coordinate system).
They are called Pauli matrices. Any 2 x 2 self-adjoint matrix is of the form

A(mo’m) = 2000 + X101 + X202 + T303

if oy stands for the unit matrix I. We also use the shorthand notation zgog + x - 0.
The density matrix (I0.1) can be written as

s(o0+x-0), (10.2)

where ||z|| < 1. z is called Bloch vector and they form the Bloch ball.

Formula (I0.2]) makes an affine correspondence between 2 x 2 density matrices and
the unit ball in the Euclidean 3-space. The extreme points of the ball correspond to pure
states and any mixed state is the convex combination of pure states in infinitely many
different ways. In higher dimension the situation is much more complicated. O

Any density matrix can be written in the form

p= Z Ail i) (@il (10.3)

by means of unit vectors |z;) and coefficients A; > 0, Y. A\; = 1. Since p is self-adjoint
such a decomposition is deduced from the spectral theorem and the vectors |z;) may
be chosen as pairwise orthogonal eigenvectors and \; are the corresponding eigenvalues.
The decomposition is unique if the spectrum of p is non-degenerate, that is, there is no
multiple eigenvalue.

Lemma 10.1 The density matrices acting on a Hilbert space form a convex set whose
extreme points are the pure states.

Proof: Denote by ¥ the set of density matrices. It is obvious that a convex combina-
tion of density matrices is positive and of trace one. Therefore ¥ is a convex set.

Recall that p € 3 is an extreme point if a convex decomposition p = Ap; + (1 — \)po
with p1,p0 € X and 0 < A < 1 is only trivially possible, that is, py = ps = p. The
Schmidt decomposition (I0.3]) shows that an extreme point must be a pure state.

Let p be a pure state, p = p?. We have to show that it is really an extreme point.
Assume that p = Ap; + (1 — A)pa. Then

p = Appip + (1 = N)ppap
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and Trpp;p = 1 must hold. Remember that Trpp;p = (p, p;), while (p,p) = 1 and
(pi, pi) < 1. In the Schwarz inequality

(e, N)I* < {e.e) (. f)

the equality holds if and only if f = ce for some complex number c. Therefore, p; = ¢;p
must hold. Taking the trace, we get ¢; =1 and p; = ps = p. O

Quantum mechanics is not deterministic. If we prepare two identical systems in the
same state, and we measure the same observable on each, then the result of the measure-
ment may not be the same. This indeterminism or stochastic feature is fundamental.

(A3) Let X be a finite set and for x € X an operator V,, € B(H) be given such that
>, ViV, = 1. Such an indexed family of operators is a model of a measurement
with values in X. If the measurement is performed in a state p, then the outcome
xr € X appears with probability Tr V,pV" and after the measurement the state of
the system is

VapVy
Tr V. pVyr

A particular case is the measurement of an observable described by a self-adjoint
operator A with spectral decomposition ) . A\;E;. In this case X = {\;} is the set
of eigenvalues and V; = E;. One compute easily that the expectation of the random
outcome is Tr pA. The functional A — Tr pA is linear and has two important properties:
1. If A >0, then TrpA > 0, 2.Tr pI = 1. These properties allow to see quantum states
in a different way. If ¢ : B(H) — C is a linear functional such that

e(A) >0 if A>0 and ¢(I)=1, (10.4)
then there exists a density matrix p, such that
o(A) = Tr p,A. (10.5)

The functional ¢ associates the expectation value to the observables A.

The density matrices p; and py are called orthogonal if any eigenvector of p; is
orthogonal to any eigenvector of ps.

Example 10.4 Let p; and ps be density matrices. They can be distinguished with
certainty if there exists a measurement which takes the value 1 with probability 1 when
the system is in the state p; and with probability 0 when the system is in the state p,.

Assume that p; and py are orthogonal and let P be the orthogonal projection onto
the subspace spanned by the non-zero eigenvectors of p;. Then V; := P and Vo :=1— P
is a measurement and Tr Vip; Vi =1 and Tr Vipo V" = 0.

Conversely, assume that a measurement (V;) exists such that TrVip; V)" = 1 and
Tr VipoVi* = 0. The first condition implies that V*V4 > P, where P us the support
projection of p;, defined above. The second condition tells is that V};*V; is orthogonal to
the support of ps. Therefore, p; L po. O
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Let eq, es, ..., e, be an orthonormal basis in a Hilbert space H. The unit vector £ € H
is complementary to the given basis if

(er,€)] = % (1<i<n). (10.6)

The basis vectors correspond to a measurement, |e1)(e1], ..., |e,){e,| are positive opera-
tors and their sum is 7. If the pure state |£)(£] the actual state of the quantum system,
then complementarity means that all outputs of the measurement appear with the same
probability.

Two orthonormal bases are called complementary if all vectors in the first basis are
complementary to the other basis.

Example 10.5 First we note that equation (I0.0) is equivalent to the relation

Tefeshed ) €] = (10.7)

which is about the trace of the product of two projections.

The eigenprojections of the Pauli matrix o; are (I 4 0;)/2. We have

Tr (I:l:O'ZI:tO']) _1

2 2 2
for 1 <17 # j < 3. This shows that the eigenbasis of ¢; is complementary to the eigenbasis
of o, if ¢ and j are different. O

According to axiom (Al), a Hilbert space is associated to any quantum mechanical
system. Assume that a composite system consists of the subsystems (1) and (2), they
are described by the Hilbert spaces H; and H,. (Each subsystem could be a particle or
a spin, for example.) Then we have

(A4) The composite system is described by the tensor product Hilbert space H; ® Hs.

When {e; : j € J} is a basis in H; and {f; : ¢ € I} is a basis in H,, then
{e;® f; + j € J i€ I}isabasis of H; ® Hy. Therefore, the dimension of H; ® Hs
is dimHy, x dimHs. If A; € B(H;) (i = 1,2), then the action of the tensor product
operator A; ® Ay is determined by

(A1 ® Ag)(m ® ) = Ay ® Agmp

since the vectors 1, ® 12 span Hy ® Ho.

When A = A* is an observable of the first system, then its expectation value in the
vector state ¥ € H; ® Ho, is

<\I]7 (A & 12)\Il> 9

where I, is the identity operator on Hs.
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Example 10.6 The Hilbert space of a composite system of two spins (of 1/2) is C2®C2.
In this space, the vectors

a=NeN), e=Dolh a=Ilelt) a=1oll

form a basis. The vector state

1
= E(IT)@WM —lhelt) (10.8)

has a surprising property. Consider the observable

4
A= "ile) (e,
=1

which has eigenvalues 1,2,3,4 and the corresponding eigenvectors are just the basis
vectors. Measurement of this observable yields the values 1,2, 3,4 with probabilities
0,1/2,1/2 and 0, respectively. The 0 probability occurs when both spins are up or both
are down. Therefore in the vector state ® the spins are anti-correlated. O

We consider now the composite system H; ® Hy in a state & € H; ® Hsy. Let
A € B(H1) be an observable which is localized at the first subsystem. If we want to
consider A as an observable of the total system, we have to define an extension to the
space Hq ® Hs. The tensor product operator A ® I will do, I is the identity operator of
Ho.

Lemma 10.2 Assume that Hq, and Ho are finite dimensional Hilbert spaces. Let {e; :
j € J} be a basis in Hy and {f; : i € I} be a basis in Hy. Assume that

b = Z Wij €5 ® fz
2
is the expansion of a unit vector ® € Hy @Hy. Set W for the matriz which is determined
by the entries wy;. Then W*W is a density matrix and
(P, (AR 1)P) =Tr AW*W .

Proof: Let Ej,; be an operator on H; which is determined by the relations Eye; = d;;ex
(k,l € I). As a matrix, Ej; is called matrix unit, it is a matrix such that (k,[) entry is
1, all others are 0. Then

<(I)7 (Ek‘l®[)q)> = <szyej®fu Ekl®] Zwtueu®ft>—
= Zzwwwtu ej, Erea)(fi, fi) =

i, tu

= E E w2jwtu 5lu ]kézt = E Wik Wi -

i, tu
Then we arrived at the (k,[) entry of W*W. Our computation may be summarized as

(O, (B @ 1)®) =Tr Ey(W*W) (k,lel).
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Since any linear operator A € B(H;) is of the form A = Zk’l ag B (a € C), taking
linear combinations of the previous equations, we have

(P, (A 1)P) =Tr A(W*W).
W*W is obviously positive and

T W W =) |wy|* = [|@]* = 1
.3
Therefore it is a density matrix. 0J

This lemma shows a natural way from state vectors to density matrices. Given a
density matrix p on H; ® Hs there are density matrices p; € B(H;) such that

Tr(A®RI)p="TrAp (A€ B(H1)) (10.9)

and
Tr (I ® B)p = Tr Bps (B € B(H,)). (10.10)

p1 and py are called reduced density matrices. (They are the quantum analogue of
marginal distributions.)

The proof of Lemma [I0.2] contains the reduced density of |®)(®| on the first system,
it is W*W. One computes similarly the reduced density on the second subsystem, it is
(WW*)T | where X7 denotes the transpose of the matrix X. Since W*W and (WW*)"
have the same non-zero eigenvalues, the two subsystems are very strongly connected if
the total system is in a pure state.

Let H; and H, be Hilbert spaces and let dimH; = m and dimHy = n. It is well-
known that the matrix of a linear operator on H; ® H, has a block-matrix form

U— Z]Z_]l ZEZ]®UZ]7

i,j=1

relative to the lexicographically ordered product basis, where U;; are n x n matrices. For
example,

AR = (Xij)’.”._ where X;; = A1,

i,j=1"
and
I®B = (X)) where X;; = 0;;B.

i,j=1"

Assume that
p = (pij); Q=1 — ZEZJ Q pij

i,j=1

is a density matrix of the composite system written in block-matrix form. Then

Tr(A®I)p ZAZJTr L.pij = ZAijTr Pij

2%

and this gives that for the first reduced density matrix p;, we have

(pl)ij = Tr py. (10.11)
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We can compute similarly the second reduced density py. Since

Tr(I®B)p=Y TrBp;

we obtain

p2 =Y pii (10.12)
=1

The reduced density matrices might be expressed by the partial traces. The map-
pings Try : B(H1) ® B(Hz) — B(H1) and Try : B(H1) ® B(Hz) — B(H,) are defined
as

Try(A® B) = ATr B, Tri(A® B) = (TrA)B. (10.13)
We have
P1 = Tl'gp and P2 = TI'lp . (1014)

Axiom (A4) tells about a composite quantum system consisting of two quantum
components. In case of more quantum components, the formalism is similar, but more
tensor factors appear.

It may happen that the quantum system under study has a classical and a quantum
component, assume that the first component is classical. Then the description by tensor
product Hilbert space is still possible. A basis (|e;)); of H; can be fixed and the possible
density matrices of the joint system are of the form

> pile (el @ o7 (10.15)

where (p;); is a probability distribution and pl(?) are densities on Hy. Then the reduced
state on the first component is the probability density (p;); (which may be regarded as

a diagonal density matrix) and ), pipz@) is the second reduced density.

The next postulate of quantum mechanics tells about the time development of a
closed quantum system. If the system is not subject to any measurement in the time
interval I C R and p,; denotes the statistical operator at time ¢, then

(AB)  p=Uts)pUlts)  (Lsel),
where the unitary propagator U(t, s) is a family of unitary operators such that
(i) U(t,s)U(s,r)=Ult,r),
(i) (s,t) — U(s,t) € B(H) is strongly continuous.
The first order approximation of the unitary U(s,t) is the Hamiltonian:
Ut + At 1) = T %H(t)At,

where H (t) is the Hamiltonian at time ¢. If the Hamiltonian is time independent, then

U(s.1) = exp (—%(s _ t)H) |
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In the approach followed here the density matrices are transformed in time, this is the
so-called Schrodinger picture of quantum mechanics. When discrete time development
is considered, a single unitary U gives the transformation of the vector state in the form
Y +— U1, or in the density matrix formalism p — UpU*.

Example 10.7 Let |0),|1),...,|n — 1) be an orthonormal basis in an n-dimensional
Hilbert space. The transformation

n—1
1 g .
v u>}—>-;5§;§;¢uw\j> (w = *™/m) (10.16)
is a unitary and it is called quantum Fourier transform. ([

When the unitary time development is viewed as a quantum algorithm in connection
with quantum computation, the term gate is used instead of unitary.

Example 10.8 Unitary operators are also used to manipulate quantum registers and
to implement quantum algorithms.

The Hadamard gate is the unitary operator

1711 1
Un'i= [ i } . (10.17)
It sends the basis vectors into uniform superposition and vice versa. The Hadamard
gate can establish or destroy the superposition of a qubit. This means that the basis
vector |0) is transformed into the vector (|0) + |1))/+/2 which is a superposition and
superposition is created.

The controlled-NOT gate is a unitary acting on two qubits. The first qubit is called
a control qubit, and the second qubit is the data qubit. This operator sends the basis
vectors [00), [01),]10),]11) of C* into |00), |01), |11),|10). When the first character is 1,
the second changes under the operation. Therefore, the matrix of the controlled-NOT
gate is

1 000
0100
Uevor= 1|0 0 0 1 (10.18)
0010
The swap gate moves a product vector |i) ® |j) into |j) ® |i). Therefore its matrix is

O~ O O
_— o O O

] (10.19)

Quantum algorithms involve several other gates. 0

0
1
0
0

o O O

Example 10.9 The unitary operators are used to transform a basis into another one.
In the Hilbert space C* = C? ® C? the standard basis is

100), |01}, |10), |11).
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The unitary

1 0 1 0
1 01 0 1
10 -1 0
moves the standard basis into the so-called Bell basis:

1 1 1
V2 V2 V2

This basis is complementary to the standard product basis.

(100) +[11)), (101) +[10)), (100) —[11)), %(IOD +10)).

H ®

4
U

Hadamard gate

The unitary made of the Hadamard gate and the controlled-NOT gate trans-
forms the standard product basis into the Bell basis.

10.2 State Transformations

Assume that H is the Hilbert space of our quantum system which initially has a statistical
operator p (acting on H). When the quantum system is not closed, it is coupled to
another system, called environment. The environment has a Hilbert space H. and
statistical operator p.. Before interaction the total system has density p. ® p. The
dynamical change caused by the interaction is implemented by a unitary and U(p.®p)U*
is the new statistical operator and the reduced density p is the new statistical operator
of the quantum system we are interested in. The affine change p + p is typical for
quantum mechanics and called state transformation. In this way the map p — p is
defined on density matrices but it can be extended by linearity to all matrices. In this
way we obtain a trace preserving and positivity preserving linear transformation.

The above defined state transformation can be described in several other forms, ref-
erence to the environment could be omitted completely. Assume that p is an n x n
matrix and p, is of the form (24%)x where (21, 22,...,2,) i a unit vector in the m
dimensional space H.. (p. is a pure state.) All operators acting on H, ® H are written in
a block matrix form, they are m x m matrices with n x n matrix entries. In particular,
U = (Uij){%=, and U;; € M,,. If U is a unitary, then U*U is the identity and this implies
that

> UnUa = 6ul, (10.20)
i
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Formula (I0.I2)) for the reduced density matrix gives

po= Tri(Ulpe @ p)U) =D (Ulpe @ p))U")ii = Y Uiklpe @ p)a(U" )i

i ik,

= Z Uin(z1z1p)(Uun)" = Z (szUik>P(Zleil>* - ZAipA: ’
k l i

Y i

where the operators A; := ), Uy, satisfy

> ArA, =1 (10.21)
p

due to (I0.20) and Y, |2|* = 1.

Theorem 10.1 Any state transformation p +— E(p) can be written in the form
E(p) = ApAr,
p

where the operator coefficients satisfy (IIZ1). Conversely, all linear mappings of this
form are state transformations.

The first part of the theorem was obtained above. To prove the converse part, we
need to solve the equations

Ai = szUzk (z:1,2,,m)
k

Choose simply z; = 1 and 23 = 23 = ... = 2z, = 0 and the equations reduce to U,; = A,.
This means that the first column is given from the block matrix U and we need to
determine the other columns such a way that U should be a unitary. Thanks to the
condition (I0.21]) this is possible. Condition (I0.21]) tells us that the first column of our
block matrix determines an isometry which extends to a unitary. 0

The coefficients A, in the operator-sum representation are called the operation
elements of the state transformation. The terms quantum (state) operation and chan-
neling transformation are also often used instead of state transformation.

The state transformations form a convex subset of the set of all positive trace pre-
serving linear transformations. (It is not known what the extreme points of this set
are.)

A linear mapping £ is called completely positive if £ ® id,, is positivity preserving
for the identical mapping id,, : M, (C) — M,(C) on any matrix algebra.

Theorem 10.2 Let £ : M, (C) — M(C) be a linear mapping. Then & is completely
positive if and only if it admits a representation

E(A) =) VAV, (10.22)

by means of some linear operators V, : C* — CF.
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This result was first proven by Kraus. It follows that a state transformation is com-
pletely positive and the operator-sum representation is also called Kraus representa-
tion. Note that this representation is not unique.

Let £ : M,,(C) — My(C) be a linear mapping. £ is determined by the block-matrix
(Xij)1<ij<k, where
Xij = E(Ey) (10.23)

(Here E;; denote the matrix units.) This is the block-matrix representation of £.

The next theorem is due to Choi.

Theorem 10.3 Let € : M,(C) — M(C) be a linear mapping. Then & is completely
positive if and only if the representing block-matriz (X;;)1<ij<x € Mi(C) ® M, (C) is
positive.

Proof: Instead of the block-matrix formalism, we can use tensor product:
i,

X is a linear function of £, hence we can assume that £(A) = VAV*.

Let

]
It is easy to check that B = B* and B? = nB, therefore B > 0. On the other hand,
X = ZEij @ VE;V* = I@V)B(I®V)"
i,J

which is positive.

Assume that the block-matrix X is positive. There are projections P, from C** =
@7, C* to the ith summand (1 <4 < n). They are pairwise orthogonal and

We have a decomposition

nk
X = Z |fo) (fel,

where |f;) are appropriately normalized eigenvectors of X. Since P, is a partition of
unity, we have

|fe) = ZPz|ft>
i=1

and set V, : C* — C* by
Vils) = Pl fe).

(|s) are the canonical basis vectors.) In this notation

X222 PUIE =2 (Z Vt\z'><j|v:> P
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and
E(Ey;) = PXP; = ZV;E,]V*

Since this holds for all matrix units F;;, we obtained

=Y VA
t

which means the complete positivity. O]

Example 10.10 Consider the transpose mapping A — AT on 2 x 2 matrices:

A |

The representing block-matrix is

10 0 0
0 010
X = 01 0 0
0 0 0 1
This is not positive, so the transpose mapping is not completely positive. O

Example 10.11 Consider a positive trace-preserving transformation £ : M,(C) —
M,,,(C) such that its range consists of commuting operators. We show that £ is au-
tomatically a state transformation.

Since a commutative subalgebra of M,,(C) is the linear span of some pairwise orthog-
onal projections Py, one can see that £ has the form

A) =) PTrFRA, (10.24)
k

where F}, is a positive operator in M, (C), it induces the coefficient of P as a linear
functional on M,,(C).

We want to show the positivity of the representing block-matrix:
S Ese (Y AT(RE)) =Y (S Esehn)o (ZE Te (FeBy) @ 1),
tj k k ij

where o denotes the Hadamard (or entry-wise product) of nm x nm matrices. Recall that
according to Schur’s theorem the Hadamard product of positive matrices is positive.
The first factor is

[Py, Py, ..., Pe]* [Py, P, - - ., Py

and the second factor is F), ® I, both are positive.
Consider the particular case of (I0.24) where each P is of rank one and » ", _, Fy, = 1.
Such a family of F}.’s describe a measurement which associates the r-tuple (Tr pF7, Tr pF5,
., Tr pF,) to the density matrix p. Therefore a measurement can be formulated as a
state transformation with diagonal outputs. 0
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The Kraus representation and the block-matrix representation are convenient ways
to describe a state transformation in any finite dimension. In the 2 x 2 case we have the
possibility to expand the mappings in the basis og, 01, 09, 03.

Any trace preserving mapping £ : My(C) — My(C) has a matrix

T— [ 1 793 } (10.25)

with respect to this basis, where T3 € M3 and
E(woop +w - o) = weog + (t + Tzw) - 0. (10.26)

Since £ sends self-adjoint operators to self-adjoint operators, we may assume that T3 is
a real 3 x 3 matrix. It has a singular value decomposition 01305, where O, and O, are
orthogonal matrices and ¥ is diagonal. Since any orthogonal transformation on R? is
induced by a unitary conjugation on Ms(C), in the study of state transformations, we
can assume that T3 is diagonal.

The following examples of state transformations are given in terms of the T-repre-
sentation:

Example 10.12 (Pauli channels) ¢ = 0 and 73 = Diag(«, 8,7). Density matrices are
sent to density matrices if and only if

—J_S;@,ﬁ,7/§ 1

for the real parameters «, (3, .

It is not difficult to compute the representing block-matrix, we have

1+ a+f
-0 OB =5
0 =2 a8
X = 2 2 (10.27)
a—0 1—
0O 7 2 0
=z 00
X is unitarily equivalent to the matrix
1+ atp
2 oo
= 1(_) 96
00y 2
0 0 =5 F
This matrix is obviously positive if and only if
1147 > o+ 8. (10.28)

This positivity condition holds when o = 8 =~ = p > 0. Hence the next example gives
a channeling transformation. 0

Example 10.13 (Depolarizing channel) This channel is given by the matrix 7" from
(I0.27), where t = 0 and T3 = pI. Assume that 0 < p < 1.
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Since
Ep(%ao+w-0):p(%ao+w-0) (1-— ) o9 = Uo+p(w~a),

the depolarizing channel keeps the density with probability p and moves to the completely
apolar state oq/2 with probability 1 — p

Extension to n-level systems is rather obvious. &,,, : M,, = M,, is defined as
1
Epn(A) =pA+(1— p)ﬁTrA. (10.29)

This mapping is trivially completely positive for 0 < p < 1, since it is the convex
combination of such mappings. In order to consider the negative values of p we study
the representing block-matrix X. One can see that

1_
X:pZEij®Eij+Tp]®].
ij

The matrix %Z” E;; ® E;j is a self-adjoint idempotent (that is, a projection), so its
spectrum is {0, 1}. Consequently, the eigenvalues of X are

1-p 1-
pn + _p —_—.
n n
They are positive when
1
— TS <p<l. (10.30)
This is the necessary and sufficient condition for the complete positivity of &, . O]

Example 10.14 (Phase-damping channel) ¢t = 0 and 73 = Diag(p,p,2p — 1). This
channel describes decoherence, the decay of a superposition into a mixture;

(5 c]=enl ol t]

Example 10.15 (Fuchs channel) This channel is not unit preserving and maps oy
into 0:

[l IR

O

o oﬁ“wo
W

0
0
0
0

WO O© =
W= O o O

It can be shown that the Fuchs channel is an extreme point in the convex set of channels



10.2. STATE TRANSFORMATIONS 129

Example 10.16 (Amplitude-damping channel)

1 0 0 0
10 V1I=p 0 0
= 0 0 1—-p O
P 0 0 I—p |
or equivalently )
< a b| a+pc +/1—pb
b c| [ VI=pb (1-p)c |’
The Bloch ball shrinks toward the north pole. 0]

05

\

:
I

o

W

T

s

§

¥ ¥
Amplitude-damping channel

The amplitude-damping channel shrinks the Bloch ball toward the north
pole.

Example 10.17 (The Holevo—Werner channel) Set a linear mapping £ : M, —

M, as )
E(D) = — 1(Tr (D)I — D7),

where DT denotes the transpose of D. The positivity is not obvious from this form but
it is easy to show that
1
ED)= —— E; —E;)"D(E;; — Ej;),
where E;; denote the matrix units. This is the Kraus representation of £ which must be
completely positive.
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In the space of matrices the following matrices are linearly independent.
di = Diag(1W, 1@ . 1R _(n — £),0,0,...,0).
For £ = 0 we have the unit matrix and d;, ds, d,,_; are traceless matrices. Moreover, set

The matrices {dy : 0 <k <n—-1}U{e; : 1 <i<j<n}U{fy; : 1<i<j<n}
are pairwise orthogonal with respect to the Hilbert Schmidt inner product and up to a
normalizing factor they form a basis in the Hilbert space M,,. (Actually these matrices
are a kind of generalization of the Pauli matrices for n > 2.).

The mapping & is unital, hence £(dy) = dy. For 0 < k < n we have

1
E(dk):n_ldk
and for 1 <17 < j < n we have
E(Fy) = —Fy.

Hence our basis consists of eigenvectors, the spectrum of & is {1,—1, ﬁ} with the
multiplicities n(n —1)/2+ 1, n(n — 1)/2, n — 2, respectively. Although £ is completely
positive, its spectrum contains negative numbers, therefore it is not true that £ is positive
definite with respect to the Hilbert-Schmidt inner product. 0J

Example 10.18 (Transpose depolarizing channel) Let 55: n - M, — M, is defined
as

ENL(A) =tA" + (1 - t)%TrA, (10.31)

where AT is the transpose of A. In order to decide the completely positivity, we study
the representing block-matrix X:

1—1¢
X:tZEij@)Eji—FT]@].
ij

The matrix Zij E;; ® Ej; is a self-adjoint and its square is the identity. Therefore, its
spectrum is {#1}. Consequently, the eigenvalues of X are

1—0p 1-1
—t+ P+ .
n n

They are positive when

(10.32)

n—17 n+1"

This is the necessary and sufficient condition for the complete positivity of Eg n- The
Holevo-Werner channel is a particular case. O
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10.3 Bipartite systems

The physical setting to see entanglement is the bipartite system which corresponds
to tensor product in mathematical terms. Let B(H,4) and B(Hpg) be the algebras of
bounded operators acting on the Hilbert spaces H4 and Hp. The Hilbert space of the
composite system A + B is Hap := Ha ® Hp. The algebra of the operators acting on
Hap is B(HAB) = B(HA) X B(HB).

Let us recall how to define ordering in a vector space V. A subset V, C V is called
positive cone if v,w € V, implies v + w € V, and A € V. for any positive real .
Given the positive cone V., f < g means that g — f € V. In the vector space B(H) the
standard positive cone is the set of all positive semidefinite matrices. This cone induces
the partial ordering

A< B < (n,An) <(n,Bn) for every vector 7.

In the product space B(Hap) = B(Ha) ® B(Hp), we have two natural positive cones,
B(Hap)" consists of the positive semidefinite matrices acting on Hap := Ha Q@ Hp, and
the cone S consists of all operators of the form

ZAi ® B;,

where A; € B(Ha)" and B; € B(Hp)". It is obvious that S € B(Hap)t. A state
is called separable (or unentangled) if its density belongs to S. The other states
are the entangled states. Therefore the set of separable states is the convex hull of
product states, or the convex hull of pure product states (since any state is the convex
combination of pure states).

A pure state is separable if and only if it is a product state. Indeed, pure states are
extreme points in the state space, see Lemma[I0.1l If a pure state is convex combination
> piP ® Q; of product pure states, then this convex combination must be trivial, that
is, P ® Q.

Let (e;); be a basis for H 4 and (f;); be a basis of H. Then the doubly indexed family
(e;® f;)i; is a basis of Hap. (Such a basis is called product basis.) An arbitrary vector
U € H,p admits an expansion

U=> cje®f (10.33)
i,J
for some coefficients ¢;;, 3, - |eii|* = [ P[]

Ith, => ;i Cij fj, then U = > . €i®h;, however, the vectors h; are not orthogonal. We
want to see that a better choice of the representing vectors is possible.

Any unit vector ¥ € Hp can be written in the form

U= \/Prge® i, (10.34)
k

where the vectors g, € Ha and hy € Hp are pairwise orthogonal and normalized,
moreover (p) is a probability distribution, see Lemma 3.1.
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Expansion (I0.34]) is called Schmidt decomposition.

Let dimH4 = dimHp = n. A pure state |®)(P| on the Hilbert space Ha ® Hp is
called maximally entangled if the following equivalent conditions hold:

e The reduced densities are maximally mixed states.

e When the vector |®) is written in the form (I0.34)), then p, = n~' for every
1<k<n.

e There is a product basis such that |®) is complementary to it.

The density matrix of a maximally entangled state on C" ® C" is of the form
1
p 0 ; i @ Lij ( )

in an appropriate basis.
A common example of maximally entangled state is the singlet state

1

V2

(Ha = Hp = C? which has a basis {|0),|1)}.) In the singlet state there is a particular
correlation between the two spins, Example [10.0l

D) (J10) — 01)). (10.36)

It is worthwhile to note that formula (I0.34) also shows how to purify an arbitrary
density matrix p = >, pi|¢;)(gi| acting on H,4. It is enough to choose an orthonormal
family (h;) in another Hilbert space Hp and (B.3]) gives a pure state whose reduction is
p. In this case |¥) is called the purification of p.

Example 10.19 Entanglement is a phenomenon appearing in case of two quantum
components. If the system is composite but one of the two components is classical, then
the possible states are in the form

P =) pilei) (e @ pf | (10.37)

where (p;); is a probability distribution, p! are densities on H, and (|e;)); is a fixed basis
of H.. (I037) is in the convex hull of product states, therefore it is separable.

Composite systems of type classical-quantum appear often, for example, the measure-
ment on a quantum system is described in this formalism. 0

Let €& : M, (C) — Mg(C) be a linear mapping. According to Theorem [10.3 the
condition
Y E;®E(E;) >0 (10.38)
4,3

is equivalent to the complete positivity of £. Therefore the following is true.

Theorem 10.4 The linear mapping € : M, (C) — My(C) is completely positive if and
only if there exists a mazximally entangled state p € M, (C) @ M, (C) such that

(id, ® E)(p) > 0
holds.
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Entanglement is a very special relation of two quantum systems. The same
word means also a different relation in other areas. The sculpture “FEntangle-
ment” made by Ruth Bloch (bronze, 71 cm, 1995) might express something.

Example 10.20 Let £ : M,(C) — Mg(C) be a channel. & is called entanglement
breaking if the range of id ® £ contains only separable states for the identical channel
id : M,(C) — M,(C). This condition is very restrictive, an entanglement breaking
channel has the form

Elp) = Z pi'Tr Sip

where p; is a family of states and S; are positive matrices such that ), .S; = I. See also
Exercise 341 O

Theorem 10.5 If the state p € Aap is entangled, then there exists W € A%y such that
Tt WP®Q)>0
for all pure states P € Ay and Q € Ag but Tr Wp < 0.

Proof: Let S denote the set of separable states and assume that p ¢ S. let Dy be the
minimizer of a relative entropy:

inf{S(p||Ds) : Ds € S} > 0.
It is well-known that

% log(X + cK) — / (X 4+ 0K (X +0) " dt,
0

and so

a o0
50 (PI(L =)Dy +ep) = —Trp/ (Do + 1) (p" = Do) (Do + 1)~ dt
0
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= —Tr(p— Dy) / (Do +1)'p/ (Do + )" dt
0
= 1- Trp/ (Do + )"/ (Do + )" dt,
0

for any density p’, both derivatives are taken at ¢ = 0.
Let -
W 1—/ (Do + )" p(Dy + )" dt
0

and we have

S(pll(1 =)Dy + D) = S(plDo) |,

0 :
TrWD, = %S(pﬂ(l —¢e)Dy+¢eDy) = ll_r% .

for an arbitrary D, € S, since (1—¢)Dy+eDs € S and S(p||(1—¢)Dy+¢eDs) > S(p||Do).

Due to the convexity of the relative entropy we have
S(pll(1 = e)Do +ep) = S(pl[ Do) < —eS(p[|Do) -
Divided by € > 0 and taking the limit ¢ — 0 we arrive at
Tt Wp < =S(pl|[ Do) < 0.
OJ

The operator W appearing in the previous theorem is called entanglement witness.

Example 10.21 Let

1 0 0 1
0 -1 1 0
WI:O'1®O'1—|—O'3®O'3: 0 1 “1 0
10 0 1

For any product state p; ® ps, we have

Tr (p1 ® po)W

Tr p1oy X Tr pooy + Tr pros X Tr paos

V(Tr p101)? + (Tr p103)? X /(Tr pa01)? + (Tr py03)>?
L,

ININA

since
(Tr po)? + (Tr pog)® + (Tr pos)? < 1
for any density matrix p. It follows that Tr DW < 1 for any separable state D on C*.

Consider now the density

(10.39)

&

Il

|
N OO N
o8 R O
o~ 8 O
N OO N

where 0 < x < 1. Since .
TroW =1+ g > 1,

w must be an entangled state. 0
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Example 10.22 An entanglement witness determines a linear functional that may sep-
arate a state from the convex hull of product state. The separation can be done by
means of non-linear functionals.

Let p be a state and X be an observable. The variance
P(X;p) = TrpX? — (Tr pX)? (10.40)

is a concave function of the variable p.

Let X; be a family of observables on the system A and assume that
252(Xi;pA) > a
for every state p4. Similarly, choose observables Y; on the system B and let

> P (Yispp) > b

for every state pg on Hp.

Let pap now be a state on the composite (or bipartite) system Ha ® Hp. The
functional

U(pag) : 252 (X; @ T +1®Y5;pag) (10.41)

is the sum of convex functionals (of the variable psp), therefore it is convex. For a
product state pap = pa ® pp we have

Y X @I +I1QYipap) =Y 0*(Xiipa)+ Y 0°(Yispp) > a+b.

It follows that ¥(pag) > a + b for every separable state pag. If

¢(PAB) < a+b,

then the state pap must be entangled. 0

Theorem 10.6 Let pap be a separable state on the bipartite system Ha @ Hp and let
pa be the reduced state. Then pap is more mized than pa.

Proof: Let (ry) be the probability vector of eigenvalues of p4p and (g;) is that for p4.
We have to show that there is a doubly stochastic matrix S which transform (g;) into
(re)-

Let

PAB = Zrk|€k (ex| = ZPJMJ (5] @ ly;){v;]

k J

be decompositions of a density matrix in terms of unit vectors |ex) € HaQ@Hp, |z;) € Ha
and |y;) € Hp. The first decomposition is the Schmidt decomposition and the second
one is guaranteed by the assumed separability condition. For the reduced density pa we
have the Schmidt decomposition and another one:

pa = qu\fl><fl| = ij\:cj><xj|,
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where f; is an orthonormal family in H4. According to Lemma 2. we have two unitary
matrices V and W such that

S VyBile) © ly) = virlex
k
S Wavalf) = vale).
!
Combine these equations to have
D Vg > Wavalfi) @ ly) = virelex
k !
and take the squared norm:
Tk = Z (kajlvkjgwjlle2l<yj1a yjz>>Ql
l J1,32

Introduce a matrix B o
Sk = ( > Vi Vi Wi Wi (i ij))
j17j2
and verify that it is doubly stochastic. O

Separable states behaves classically in the sense that the monotonicity of the von
Neumann entropy holds.

Corollary 10.1 Let pap be a separable state on the bipartite system Ha @ Hp and let
pa be the reduced state. Then S(pag) > S(pa).

Proof: The statement is an immediate consequence of the theorem, since the von
Neumann entropy is monotone with respect to the more mixed relation. However, we
give another proof.

First we observe, that for a separable state p4p, the operator inequality
pap < pa®lIp. (10.42)

holds. Indeed, for a product state the inequality is obvious and we can take convex
combinations. Since log is matrix monotone, we have

—logpap > —(logpa) ® Ip. (10.43)

Taking the expectation values with respect to the state pag, we get S(pag) > S(pa).

Both proofs show that instead of the von Neumann entropy, we can take an a-entropy
as well. ([

Theorem 10.7 Let pap be a state on the bipartite system Ha @ Hp and let pa be the
reduced state. If S(pap) < S(pa), then there is € > 0 such that all states w satisfying
the condition ||w — pagl|| < € are entangled.

Proof: Due to the continuity of the von Neumann entropy S(w) < S(wy4) holds in a
neighborhood of psp. All these states are entangled. O
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Theorem 10.8 p € A, is separable if and only if for any k € N p has a symmetric
1 2 k
extension to A, @A, ®...0 A, ®Ap.

Proof: For a separable state the symmetric extension is easily constructed. Assume
that

p= Z&Ai@)Bia

then
ZA,-AZ-@@A,@...@A,@B,-

is a symmetric extension.

Conversely, let p, be the assumed symmetric extension and let the state ¢ of the
infinite product algebra be a limit points of p,’s. Since all p,’s are extensions of the
given p, so is ¢. According to the quantum de Finetti theorem (see Notes), ¢ is an
integral of product state and so is its restriction, p. This shows that p is separable. [

Theorem 10.9 Let p € Aap. If there is a positive mapping A : Ag — Ap such that
(id ® N)p is not positive, then p is entangled.

Proof: For a product state p4 ® pg we have

(ida ® A)(pa ® pg) = pa @ Aps) = 0.

It follows that (id4 ® A)D is positive when D is separable. O

In place of A, there is no use of completely positive mapping but matrix transposition
(in any basis) could be useful.

Example 10.23 Consider the state

1+p 0 1—p p
1 0O 1—p 0 1-—p

41 1-=p 0 1-—p O ’
P 1—p 0 1+4+p

where 0 < p < 1. The partial transpose of this matrix is

14p 0 1-p O
1 0 1—p p 1—p
41 1=p »p 1—0p 0

0 1—p 0 1+p

]

p 1-p
For 1/2 < p this matrix is not positive, therefore Theorem [[0.9 tells us that the state is
entangled for these values of the parameter. O

If this is positive, so is
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Example 10.24 Let |¥)(¥| € C? ® C? be a maximally entangled state and 7 be the
tracial state. Since 7 is separable

pp =pl¥)¥|+(1-p)r (0<p<1) (10.44)

is an interpolation between an entangled state and a separable state. p, is called Werner
state, its eigenvalues are

l=pl-pl—-p1l-p

PY¥— 71 T4 1

and the eigenvalues of the reduced density matrix are (1/2,1/2). (I0.45]) is more mixed

than this pair if and only if p < 1/3. Therefore, for p > 1/3, the state p, must be

entangled due to Theorem [10.0l

We can arrive at the same conclusion also from Theorem 0.9 In an appropriate
basis, the matrix of p, is

(10.45)

1-p 0 0 0
1f o 1+4p 2 0
0

0 o 14y (10.46)
0 0 0 1-—p
The partial transpose of this matrix is
1—p 0 0 2p
1 0O 1I+p O 0 (10.47)

4 0 0 1+p 0
2p 0 0 1—p

which cannot be positive when (1 —p)? < 4p?. For p > 1/3 this is the case and Theorem
10.90 tells us that p, is entangled.

If p=1/3, then p, is

—_
o O =
_ o O O

o

1 0
0
0
0

Here the first summand has a decomposition
11 11 1 e 1 € 1 g2 1 g2
(e)e(ia) s (2 0)e (D) (17)=(17)
where ¢ := exp(27i/3) and the second summand is
10 0 0 0 0 10
(oa)e(ay)=(i)e(at)

Since separable states form a convex set, we conclude that p, is separable for every
p<1/3. O

)
)

000
1

_l_

= NN O

00
2 1
1 2
00
and we want to show that this is separable by presenting a decomposition. We have
00
3 3
3 3
00

O N =
OO O W
w o oo

0
0
1

o O O
S = O
o O O

1
0
0

(e}
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10.4 Dense coding and teleportation

Quantum information and classical information are very different concepts and strictly
speaking, it has no meaning to compare them. However, transmission of a single qubit
can carry two bits of classical information and transmitting classical information of two
bits can yield the teleportation of the state of a quantum spin. From this point of view
a qubit is equivalent to two classical bits. Both protocols are based on a basis consisting
of maximally entangled states on the 4 dimensional space.

The Bell basis of C?> ® C? consists of the following vectors

1
o) = —=(100) + 1),

1
) = 50+ 100) = (e Dl
B = —5(10) = 101) = (02 Do)
B) = —=(100) — |11)) = (o5 ® I)| ).

S5

2

All of them give maximally entangled states of the bipartite system.

Assume that Alice wants to communicate an element of the set {0, 1,2, 3} to Bob and
both of them have a spin. Assume that the two spins are initially in the state |5y). Alice
and Bob may follow the following protocol called dense coding

1. If the number to communicate to Bob is k, Alice applies the unitary oy to her spin.
After this the joint state of the two spins will be the kth vector of the Bell basis.

2. Alice sends her qubit to Bob and Bob will be in the possession of both spins.

3. Bob performs the measurement corresponding to the Bell basis, and the outcome
will exactly be k.

Next we turn to the teleportation protocol initiated by Bennett at al. in 1993 [9].
Consider a 3-qubit system in the initial state

[9)a @ |Bo) xB-

(So the spin A is statistically independent from the other two spins.) Assume that Alice
is in a possession of the qubits A and X and the spin B is at Bob’s disposal. The aim is
to convert Bob’s spin into the state |¢)). Alice and Bob are separated, they could be far
away from each other but they can communicate in a classical channel. How can this
task be accomplished?

1. Alice measures the Bell basis on the spins A and X. The outcome of the measure-
ment is an element of the set {0, 1,2, 3}.

2. Alice communicates this outcome to Bob in a classical communication channel.This
requires the transmission of two classical bits to distinguish among 0, 1,2, 3.
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3. Bob applies the unitary oy to the state vector of spin B if the message of Alice is
“kj? .

Then the state of spin B is the same as the state of spin A was at the beginning of
the procedure.

This protocol depends on an important identity
13
V)4 ® [Bo)xB = 5 Z |Bk) ax ® o|v) B (10.48)
k=0

The measurement of Alice is described by the projections E; := |5;)(8;|®@ Ip (0 <i <
3). The outcome k appears with probability

(n, (|8r)(Br| ® Ip)n),

where 7 is the vector (I0.48]) and this is 1/4. If the measurement gives the value k, then
after the measurement the new state vector is

E]J] _

When Bob applies the unitary o to the state vector oy |t))p of his spin, he really gets
¥) B

There are a few important features concerning the protocol. The actions of Alice and
Bob are local, they manipulate only the spins at their disposal and they act indepen-
dently of the unknown spin X. It is also important to observe that the spin A changes
immediately after Alice’ measurement. If this were not the case, then the procedure
could be used to copy (or to clone) a quantum state which is impossible, Wooters and
Zurek argued for a “no-cloning” theorem [53]. Another price the two parties have to pay
for the teleportation is the entanglement. The state of AX and B becomes separable.

The identity (I0.48) implies that

B (193014 © |80}l ) i = 1160) (Bolax @ (ouli)(6lso)

Both sides are linear in [¢) (1| which can be replaced by an arbitrary density matrix p:

Ey, (P ® |50><50|XB> Ey = %|ﬁ0><50|AX ® (orppow), (10.49)

This formula shows that the teleportation protocol works for a density matrix p as well.
The only modification is that when Bob receives the information that the outcome of
Alice’s measurement has been k, he must perform the transformation D — o, Doy on
his spin.

We can generalize the above protocol. Assume that H is n-dimensional and we have
unitaries U; (1 <4 < n?) such that

TrUU; =0 if i35, (10.50)
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These orthogonality relations guarantee that the operators U; are linearly independent
and they must span the linear space of all matrices.

Let & € H ® H be a maximally entangled state vector and set
O = (U; @ NP (1<i<n?).
One can check that (®;); is a basis in H ® H:
(Ui Do, (U;@ 1)®) = (2, (UjU; ® 1)®) = Tr (U;U; @ 1)|2) (2]
= T (U705 @ 1)|N]) = Tr (U; U)) Ty | 0) (@)

1
n

Consider 3 quantum systems, similarly to the spin—% case, assume that the system X
and A are localized at Alice and B is at Bob. Each of these n-level systems are described
an n dimensional Hilbert space H. Let the initial state be

pa @ |P)(P|xp.

The density p is to be teleported from Alice to Bob by the following protocol:

1. Alice measures the basis (®;); on the quantum system A+ X. The outcome of the
measurement is an element of the set {1,2,3,...,n%}.

2. Alice communicates this outcome to Bob in a classical communication channel.
3. Bob applies the state transformation D — U, DUj to his quantum system B if the
message of Alice is “k” (1 < k < n?).

The measurement of Alice is described by the projections F; := |®;)(®;| ® Ip (1 <
i < n?). The state transformation D +— U,DU; corresponds to the transformation
A — U AUy, hence to show that the protocol works we need

> Tr Bu(p @ |9)(®)) Ey(Iax ® UpAU;) = Tr pA (10.51)
k

for all A € B(H). Indeed, the left-hand-side is the expectation value of A after telepor-
tation, while the right-hand-side is the expectation value in the state p.

Since this equation is linear both in p and in A, we may assume that p = |¢)(¢| and
= |¢){(¢)]. Then the right-hand-side is {1/, ¢)|? and the left-hand-side is

Dl (oo U =) [(Uioe 2 e oUW,
k k
Since (9, @ @, P @n,) = n~(n1,m2), the above expression equals to,

Z|Uk¢®<1> o @ Upy) QZ\Um,Uk M2 = (b, ¥)]%.
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This proves (I0.51)) which can be written more abstractly:

D Tr(p@w)(Br @ Tu(A)) = TrpA (10.52)

for all p, A € B(#), where Ej is a von Neumann measurement on H ® H and T} :
B(H) — B(H) is a noiseless channel, T;.(A) = U, AU} for some unitary Uy. In this style,
the dense coding is the equation

Recall that in the teleportation protocol we had a maximally entangled state w = |®)(®|,
a basis U}, of unitaries which determined the measurement

and the channels T},(A) = U, AU}:. These objects satisfy equation (I0.53)) as well, so the
dense coding protocol works on n level systems.

Next we see how to find unitaries satisfying the orthogonality relation (I0.50).

Example 10.25 Let eg,eq,...,¢e,_1 be a basis in the n-dimensional Hilbert space H
and let X be the unitary operator permuting the basis vectors cyclically:

Xe, = €it1 ?f(.)gign—Q,
€o ifi=n-—1.

Let ¢ := €27/ and define another unitary by Ye; = ¢e;. It is easy to check that

Y X = qXY or more generally the commutation relation
VAD SN eV A (10.54)

is satisfied. For S;; = Z7X* we have

n—1
j k
Sj,k = E qm]‘em> <em+k| and Sj,kSu,U =4q qu—l—u,k—l—va
m=0

where the additions m + k, j + u, k+v are understood modulo n. Since Tr S, = 0 when
at least one of j and k is not zero, the unitaries

{S;p: 0<jk<n—1}

are pairwise orthogonal.

Note that S;; and S, , commute if ku = jv mod n. These unitaries satisfy a discrete
form of the Weyl commutation relation and the case n = 2 simply reduces to the
Pauli matrices: X = 0y and Z = o3. (This fact motivated our notation.) O
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John von Neumann (1903-1957)
David Hilbert invited von Neumann in 1927 to Gottingen. That time
Heisenberg lectured about the new field called quantum theory. Von
Neumann transformed the physical things into a mathematical formalism.
Therefore his book Mathematische Grundlagen der Quantenmechanik (pub-
lished in 1932) contained the basic mathematical approach.

10.5 Notes and remarks

There are several books about the mathematical foundations of quantum mechanics.
The book of von Neumann [39] has a historical value, it was published in 1932. Holevo’s
lecture note [27] is rather comprehensive and [13] treats unbounded linear operators of
Hilbert spaces in details. My book [47] is close to the material of this chapter.

Theorem was proved by M. A. Nielsen and J. Kempe, see Separable states are
more disordered globally than locally, Phys. Rev. Lett., 86, 5184-7 (2001).

The quantum de Finetti theorem is about states of the infinite product
ARBRB®...

which remain invariant under the fine permutations of the factors B. Such states are
called symmetric. The theorem obtained from the paper M. Fannes, J. T. Lewis and
A. Verbeure, Symmetric states of composite systems, Lett. Math. Phys. 15(1988), 255—
260. We have that symmetric states are in the closed convex hull of symmetric product
states. (For other generalization of the de Finetti theorem, see [40].)

Example is from the paper H. F. Hofmann and S. Takeuchi, Violation of local
uncertainty relations as a signature of entanglement, Phys. Rev. A 68(2003), 032103.

The unitaries S;;, in Example give a discrete form of the Weyl commutation
relation
U(h1>U(h2> = U(hl + hg) exp (1 Im <h1, h2>>,
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where the unitary family is labeled by the vectors of a Hilbert space [46]. The construc-
tion in Example [[0.25] is due to Schwinger, Unitary operator basis, Proc. Nat. Acad.
Sci. USA 46(1960), 570-579.

The bases (e;) and (f;) has the property

en [P = &

n

Such bases are called complementary or unbiased. They appeared in connection
with the uncertainty relation, it is due to K. Kraus, see Chap. 16 of [40]. A family of
mutually unbiased bases on an n-dimensional space has cardinality at most n + 1. It is
not known if the bound is reachable for any n. (It is easy to construct n + 1 mutually
unbiased bases if n = 2*.) More details about complementarity are also in the paper D.
Petz, Algebraic complementarity in quantum theory, J. Math. Phys. 51, 015215 (2010).

10.6 Exercises

1. Show that the vectors |zi),|za,),...,|z,) form an orthonormal basis in an n-
dimensional Hilbert space if and only if

> a)(xi] =1.

i
2. Express the Pauli matrices in terms of the ket vectors |0) and |1).
3. Show that the Pauli matrices are unitarily equivalent.

4. Show that for a 2 x 2 matrix A the relation
13
5 ZO’Z'AO'Z' = (TI' A)[

holds.

5. Let t be a real number and n be a unit vector in R3. Show that

exp(itn - o) = cost (n- o) +isint (n - o).

6. Let v and w be complex numbers and let n be a unit vector in R*®. Show that

exp(vog +w(n- o)) =€’ ((coshw) og + (sinhw)n - o). (10.55)
7. Let |1),]2),|3) be a basis in C3 and

) = (|1> +12) +13)),

Sl

v2) = (|1> 12) = 13)),

|vs) = (|1> 12) +13)),

S-Sl

va) = (|1> +12) = 13)).

Sl
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Compute Z?Zl lv) (vs].
Show the identity

(lo —0) @ (Iy+ 0p) + (I +0k) @ (Iy — op) = 1y — 0 @ Op (10.56)

for k = 1,2, 3.

. Let e and f be unit vectors in C? and assume that they are eigenvectors of two

different Pauli matrices. Show that

Consider two complementary orthonormal bases in a Hilbert space. Let A and B
operators such that Tr A = Tr B = 0, A is diagonal in the first basis, while B is
diagonal in the second one. Show that Tr AB = 0.

Show that the number of pairwise complementary orthonormal bases in an
n-dimensional Hilbert space is at most n + 1. (Hint: Estimate the dimension of
the subspace of traceless operators.)

Show that the quantum Fourier transform moves the standard basis to a comple-
mentary basis.

What is the 8 x 8 matrix of the controlled-swap gate? (This unitary is called
Fredkin gate.)

Give the density matrix corresponding to the singlet state (I0.8]) and compute the
reduced density matrices.

Let p be a density matrix. Show that p corresponds to a pure state if and only if
2
p* = p.

Compute the dimension of the set of the extreme points and the dimension of the
topological boundary of the n x n density matrices.

Compute the reduced density matrices of the state

1000
1lo110
310110
000 0

Let 0 < p < 1. Show that the Kraus representation of the depolarizing channel on
M2 is

1—p 1—p

3 1
_ Pt o9 Aoy +

1 _
£,0(A) = A4 —P

1 1 O'3AO'3.

o1Ao +
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Assume that € : M,,(C) — M,,(C) is defined as

£(A) =

1 1([TrA—A).

n —

Show that £ is positive but not completely positive.

Let p be a real number. Show that the mapping &, : My — M, is defined as
I
Epa(A) =pA+(1-— p)iTrA

is positive if and only if —1 < p < 1. Show that &, is completely positive if and
only if —1/3 <p < 1. (Hint: &,5 is a Pauli channel.)

Let £,5 : My — M, be the depolarizing channel and denote by AT the trans-
pose of A. For which values of the parameter p will be A — &,2(A)T a state
transformation?

What is the spectrum of the linear mapping &,2? May a positive mapping have
negative eigenvalues?

Give the Kraus representation of the phase-damping channel.

Show that
5 0 0 V3
11 0 1 iv3 0
31 0 —iv3 3 0
V3 0 0 3

is the representing block-matrix of the Fuchs channel.

Show that the matrix

1 0 0 0
T 0 coso 0 0
0 0 cosvy 0

sinysind 0 0  cosvycosd

determines a state transformation of a qubit.
Compute the limit of £™ if £ is the amplitude-damping channel.
Assume that € : M,,(C) — M, (C) acts as
E(A)ij = dijAij,
that is, £ kills all off-diagonal entries. Find the Kraus representation of £.
Let e1,eq,...,¢e, be a basis in the Hilbert space H. Show that the vector
L z": Uije; ® e;
vn ij=1

gives a maximally entangled state in H ® H if and only if the matrix (Us;)7;; is
a unitary.
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Let ® be a unit vector in H ® H and let n be the dimension of H. Show that &
gives a maximally entangled state if and only if

(Mm@, ®1np) =n"" (1, n2)
for every vector ny,m. € H.

Let ® be a maximally entangled state in H ® H and W be a unitary on H. Show
that (W ® I)® gives a maximally entangled state.

Use the partial transposition and Theorem [I0.9] to show that the density (10.39)
is entangled.

Show that the matrix of an operator on C? ® C? is diagonal in the Bell basis if and
only if it is a linear combination of the operators o; ® 0;, 0 <17 < 3.

Use Theorem to show that the density (10.39) is entangled.
Let £ : M, (C) — My(C) be a channel and assume that
id ® E(|)(P|)

is separable for a maximally entangled state |®)(®| in M,,(C) ® M, (C), where id,,
is the identity M, (C) — M, (C). Show that £ has the form

E(p) = piTrSip (10.57)
where p; is a family of states and S; are positive matrices such that ), .S; = I.
Show that
13
D (Iy — o @ oy,)
k=1

is a Werner state. Use identity (I0.56) to show that it is separable.

Show that the range of £, ® &,2 does not contain an entangled state if &, :
M;(C) — M, (C) is the depolarizing channel and 0 < p < 1/2.
Assume that three qubits are in the pure state
1
V2

(called GHZ state, named after Greeneberger-Horne-Zeilinger). Show that all
qubits are in a maximally mixed state and any two qubits are in a separable state.

(]000) + |111))

Let |[¥)(¥] € B(C"®C") be a maximally entangled state (n > 3) and assume that
for another state p we have || |[¥)(¥| — p||; < 1/3. Show that p is entangled.

Let |W)(¥| € B(C"®C") be a maximally entangled state and 7 be the tracial state
on B(C" ® C™). When will be the Werner state

pp =plO)(¥|[+(1—p)r (0<p<1) (10.58)

entangled?



148 CHAPTER 10. MATRICES IN QUANTUM THEORY

40. Compute the state of the spin X after the teleportation procedure between Alice
and Bob.

41. Compute the joint state of the spins A and B after the teleportation procedure.

42. Show that relation (I0.50) implies the condition

> UrAU; = n(Tr A)I

for every A € B(H).
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divided difference,

eigenvector,
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breaking channel, [[33]
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entropy

Boltzmann, (40,

quasi,
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von Neumann,
environment,
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factorization

Schur,

UL-,
formula

Lie-Trotter,
Fourier expansion,
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gate, Pauli, 27,
controlled-NOT, permutation,
Fredkin, Toeplitz, I3
Hadamard, tridiagonal,

Gaussian distribution, upper triangular, [0

geodesic, R1] matrix-unit,

geometric mean, [107] maximally entangled,

Gram-Schmidt procedure, mean

geometric, [82] 107

Hadamard harmonic,
gate, Heinz,
product, 4, logarithmic,

Hamiltonian, [[21]

: measurement, [T17]
Heinz mean, [108

minimax principle,

Hilbert space, mixed states,
inequality Neumann series,
Cramér-Rao, norm, [
Golden-Thompson-Lieb, G4 Hilbert-Schmidt,
Hadamard, 4T], operator, [l
Jensen,
Lowner-Heinz, [104] operation elements,
Poincaré, 23] operator
Schwarz, [1 conjugate linear,
Streater, convex function,
transformer, [107] mean,
inner product, positive, 37
Hilbert—Schmidt, self-adjoint,
inverse, [0} operator-sum representation,

orthogonal, I17]
orthogonality, 8
orthonormal, [§]

Jensen inequality,
Jordan block, I8

kernel,

arallel sum, 103
positive definite, P

parallelogram law, [I4]

Eraus fpresentatlon, 129 partial trace, Bl 54 T21]
ronecker Pauli matrices, [116]
product, 31

Pauli matrix, 7]

sum, 37 permanent, [34]
Lagrange, phase, [114]
Laplace transform, polar decomposition,
Legendre transform, polarization identity, 14l
positive
matrix cone, [[31]
bias, [78] matrix, B7]
covariance, projection,
Dirac, pure state, [14]

Fisher information, purification, 132



INDEX 151

quantum, [114] Schoenberg, BT
de Finetti theorem, [137] Schur, (44],
Fourier transform, Weyl’s monotonicity,
quasi-entropy, time development, [121]
trace,
Rényi entropy, transpose,
reduced
density matrix, unitary, [13
relative entropy, B3] unitary propagator, I21]

Riemannian manifold, )
variance, [L39|

Schmidt decomposition, 2T, vector

Schrodinger, 21] cyclic,

Schrodinger picture, von Neumann entropy,
Schur

weakly positive matrix, 4TI
Werner state, 138 147
Weyl,

Wigner, (48]

complement, [73],
factorization,
self-adjoint operator,
separable
positive matrix, 4]
separable state, I31]
singlet state,
singular value,
spectral decomposition, 21
spectrum,
state
entangled, [[31]
Greeneberger-Horne-Zeilinger, [147]
maximally entangled,
separable, [[31]
singlet,
symmetric,
transformation,
Werner, [138] 147
Streater inequality,
strong subadditivity, 54

teleportation,
tensor product,
theorem
Bernstein,
Cramér-Rao, [T1]
ergodic,
Jordan canonical,
Lowner,
Lieb’s concavity, [[11]
quantum de Finetti, [37]
Riesz-Fischer, [IT]
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